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PREFACE 


This textbook is one of a series prepared by the faculty of Rochester 
Athenaeum and Mechanics Institute as part of its program for developing 
teaching materials which are functional and closely related to the require¬ 
ments of industry. With the guidance of W. W. Charters, a continuous 
study is made of the factors essential to success in various fields. This 
process of analysis enables the selection of subject matter having a high 
degree of validity in terms of the definite occupational objectives for which 
training is offered. 

The principal purpose in preparing this book has been to provide a text 
in alteriiatiiig-current circuits for use in technical institutes, junior colleges, 
and industrial and extension schools. It should also be of value to those 
who have to depend on self-study to further their education. A companion 
volume by the author. Direct Current and Magnetic Circuits^ is included in 
this series. 

In schools for which this text has been prepared, the course in alternating- 
current circuits usually is scheduled before the student has obtained a 
mathematical background which includes calculus. For this reason, cal¬ 
culus has been avoided in this presentation of the subject. How^ever, 
many of the concepts, equations, and constants pertaining to alternating- 
current circuits, which customarily are explained with calculus, are not 
omitted, but rather are explained graphically. It has been assumed that 
tlie student will possess a working knowledge of algebra and trigonometry, 
and that he will have an understanding of direct-current and magnetic 
circuit principles before attempting to use this text. 

Examples with their detailed solutions, followed by problems of a similar 
nature, are inserted at frequent intervals throughout the text. These enable 
the student to evaluate his ability to read and understand the material 
which has just preceded the problem. Other problems are placed at the 
ends of the chapters for review. Adequate duplication of problems of similar 
types is provided so that optional problem assignments can be made. 

The laboratory instruction sheets, inserted at the end of each chapter, 
outline experimental work which is closely related to the subject matter 
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contained in the chapter. The equipment and instruments required for 
the experimental work are to be found in most school laboratories. It is an 
established practice at the Rochester Athenaeum and Mechanics Institute 
to give students a mastery test on each chapter before starting the work of 
a subsequent chapter. This practice is recommended. 

The author wishes to acknowledge and thank Messrs. Earl C. Kark(‘r 
and ClareiKje E. Tuites, both instructors in the Electrical Department at 
Rochester Athenaeum and Mechanics Institute, for their assistance in the 
preparation of tins volume. 

Earle M. Morecock 

Rochester AthiMiaeurn and Mcxdiaiiics Institute 
Rochester, N(‘w \ ork 
OctolxT, 1912 



SUGGESTIONS FOR STUD\ AND LABORATORY PROCEDLUE 


Circuit Dia^raniH. Elcf lric circiiil problems wliieh rr(‘(pi( iitlv a|)pear 
to be complicated wlieii expressed in words oflt'n become relatively simple 
when viewed as circuit diagrams. Il, is re('omm('rid(‘d, tlKMidore, that 
whenever possible, a circuit diagram be drawn as tli(‘ first slep in solving 
a problem. Usually a freehand sketch is adequale. Symbols for voltages, 
currents, resistances, reactances, and so forth, should b(' labehnl on the 
diagram. In many cases it may be advisable to transh'r the information 
given in the problem to the diagram. 

Vector Diagrams. In dealing with many alternating-current circuit 
problems, the construction of a vector diagram to supplement the circuit 
diagram is an additional aid in obtaining a clear understanding of tlie 
problem. Generally speaking, the technique of first constructing a circuit 
diagram and a vector diagram for an a-c problem is (‘(|uivah*ni lo reducing 
the problem to Iittl(‘ more than a malliemalical computation. Vector 
diagrams drawn freehand with th(^ vectors properly labeled usually are 
adequate unless graphical nuqhods are to be ust^l for tlie complete' solution 
of the problem. In the; casc^ of polyphase probhuns it is r('('omm(‘nded that 
the vectors be identified by double-subscript notations. 

Preparation for Laboratory Work. The studenl should study thor¬ 
oughly the laboratory instruction sheets for ea(*li (‘xperiment before proceed¬ 
ing with work in the laboratory. He should have clearly in mind the 
purpose of the experiment, the equipment to b(' used, and the procedure 
to be followed. It is suggested that a circuit diagram and a data sheet 
with columns properly labeled be submitted for the instructor’s approval 
before the experiment is started. Some instructors may request a pre¬ 
liminary report which should include these items. A supply of graph 
paper, data sheets, and a slide rule should be part of the student’s labora¬ 
tory equipment, and to the extent possible, tlie experimental data should 
be checked before the test set-up is dismanth'd. 

xi 





xii SUGGESTIONS FOR STUDY AND LABORATORY PROCEDURE 


Recommended Laboratory Techniques. 

1. Plan and arrange the test apparatus, controls, and instruments so 
that a minimum of motion and delay is required to obtain the data. 

2. Check the current and voltage limitations of equipment and instru¬ 
ments, and see that the protective devices have the proper ratings or 
settings. 

3. Before recording data, run through the experiment rapidly to deter¬ 
mine whether or not current and voltage values are within safe limits, 
and whether or not these values can be measured accurately with the 
instruments that have been selected. Alternating-current ammeters and 
voltmeters of tlit‘ types commonly used are seldom accurate when indicating 
less than 20 per cent of their full-scale range. Should it become advisable 
to change instruments during a test, the substitute instrument sliould be 
readily available so that the change can be made with minimum delay. 

4. The pointer of a voltmeter or an ammeter moves beyond the full 
value of the scale when the magnitude of the quantity to be measured 
(ixceeds the rating of tlie instrument. This is not necessarily the case with 
a wattmeter, and it is possible for either the potential or the current element 
of a wattmeter or both to be overloaded and damaged without the pointer 
indicating excess load. Because of this, the student should acquaint 
himself with the maximum potential and current limits of each wattmeter 
before use, and should take care to see that these limits are not exceeded 
during the test. The maximum ratings of wattmeters are usually marked 
on the scale of the instrument or arc given on a card placed in the instru¬ 
ment case. 

5. The data should be checked by approximate calculations or by 
plotting graphs to make reasonably certain that the results are satisfactory 
before the circuit is dismantled. 







CHAPTER 1 


ALTERNATING-CURRENT WAVES AND QUANTITIES 


1. Use of Alternating Current. In order to transmit large amounts 
of electrical power efficiently over long distances, higli-voltage transmis¬ 
sion is essential. The voltage of direct-current systems is limited by 
commutation to approximately 1500 volts per generator, except in small 
specially designed machines. The highest voltage d-c transmission of any 
considerable size in this country is the 3000-volt system of the Chicago, 
Milwaukee, and St. Paul Railroad. This voltage is produced by connecting 
two d-c generators in series. It is common practice to build alternating- 
current generators (alternators) wliich generate voltages as high as 16,500 
volts. The alternator voltage can be stepped up by transformers for trans¬ 
mission and then reduced by step-down transformers at the load to any 
voltage suitable for industrial or commercial purposes. Transformers have 
no moving parts, operates at efficiencies as high as 99 p(ir cent, and have a * 
low cost when compared to rotating machinery of equal capacity. Alter¬ 
nating-current transmission systems at potentials of 212,000 volts have 
been in use for several years and tests have been run on 1,000,000-volt 
experimental systems. 

High-tension transmission makes possible the use of large central stations 
where generating units of large capacities can be used. Alternating-current 
generators having efficiencies of 95 per cent or better, capacilies of 200,000 
kva, and speeds of 1800 rpm are now in service, wliereas it is difficult to 
build d-c generators of over 1000 kw at speeds above 1000 rpm. In steam 
power plants a-c generators are usually driven by steam turbines at 3600 
or 1800 rpm, depending on the size of the unit. In order to obtain high 
efficiency the turbine must operate at high speeds, hence reduction gears 
are commonly used when d-c generators are turbine driven. Tliis means 
greater initial costs and lower operating efficiencies for turbine driven d-c 
units. 

Induction motors which operate on polyphase (multiple voltage) a-c 
systems are simple in design, and for equal sizes and speeds cost about 
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one-half as much as d-c motors. They require very little maintenance 
when compared to d-c motors. 

There are some applications where direct current has advantages. The 
multiple-phase induction motor is inherently a constant-speed motor, and 
although a-c adjustable-speed motors are available, they are, generally 
speaking, not as satisfactory as d-c motors for drives wliich require adjust¬ 
able speed. Furthermore, a-c adjustable-speed motors usually are more 
costly than d-c adjustable-speed motors. Motors operating on 2-wire a-c 
systems are usually not as satisfactory as d-c motors for applications 
requiring sizes larger than 5 hp. The field windings of a-c generators and 
synchronous motors must be excited with direct current. Small d-c gen¬ 
erators used for this purpose are called exciters, and are often mounted on 



Fig. 1~1. El(‘meiitary Alternating-Current Generator. 

the shaft of tlie a-c machine. Direct current is used extensively in teleph¬ 
ony, radio communication, and signaling. Wherever a battery of any type 
is required, tliere is an application for direct current. 

Much of the direct current used for various purposes is originally gen¬ 
erated as alternating current. The alternating current is transmitted to 
the vicinity of the load and converted into direct current by motor- 
generator sets, synchronous converters, or rectifiers. 

2. Production of Alternating Voltage and Current. Fig. 1-1 shows 
an elementary alternating-currcuit generator consisting of a one-turn coil 
AB which is free to rotate in a magnetic field. End A of the coil is connected 
to slip-ring C and end B terminates in slip-ring Z). Assume the coil to 
rotate counterclockwise from tlie position as shown in Fig. 1-1. At the 
instant rotation is begun, conductors A and B move parallel to, but do 
not cut across, the magnetic field. Hence, no voltage is induced at this 
instant. As the coil continues to rotate, conductors A and B cut through 
the field, and a voltage is induced in the coil. If the right-hand generator 
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WAVES AISD QUANTITIES 

rule is applied, it will be seen that the direction of this voltage is from 
i4 to B during the first 180 degrees of rotation. As the coil reaches the 
180-degree position, the conductors again move parallel to the flux, and 
tlie voltage drops to zero. Between 180 and 360 degrees conductors A 
and B move across the magnetic field for a second time, but in opposite 
directions to their motion during tlie first 180 degrees. The voltage is 
now from B to A, or opposite to the direction of voltage induced during 
the first 180 degrees. For each revolution of tlie coil, the voltage passes 
from zero to a maximum value in one direction, decreases through zero to 
a maximum value in the opposite direction, and returns to zero. A voltage 
of this type is known as an aUernaiirtg voltage. 

If the 360 degrees of rotation are laid out along a horizontal axis, and 
the instantaneous values of vollage generated at various angular positions 



Fig. 1-2. A oltage Wave of Single ('oil Vlternator. 


of the coil are plotted vertically, a wave-shaped curve similar to that of 
Fig. 1-2 probably would be obtained. The actual shape' of the alternating 
voltage wave induced in a single coil is determined by th(' pattern of flux 
distribution in the air gap. In commercial alternators several coils are 
connected in series and the alternating vollage wave obtained from the 
series group more nearly approximates a sine wave as shown in Fig. 1-3. 

When the direction of voltage in the coil (Fig. 1-1) is from A to B, the 
current flows through the resistor R from D to C, and when the voltage 
reverses, the current also reverses and flows from C to D. The magnitude 
of the curn'iit through R rises and falls wilh th(' magnitude of the voltage. 
Thus, the wave form of the current in the circuit illustrated follows the 
same pattern as the voltage wave, and the current is said to be alternating. 
It is not correct to assume that the current wave in all a-c circuits passes 
through zero and other corresponding values in step with the voltage 
wave, for such is not always the case. This topic will be discussed in more 
detail later in the chapter. Neither is it correct to assume that the cur- 
ivi\i wave takes the same shape as the voltage wave under all circuit 
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conditions. However, for the present we are interested in the more gen¬ 
eral case in which current and voltage waves are so nearly of sine-wave 
form that they may be treated mathematically as true sine waves. 

3. Definitions. The voltage wave generated by a conductor completing 
the passage of one north and one south magnetic pole is called a cycle. 
The coil (Fig. 1-1) produces one cycle of voltage per revolution. During 
one-half cycle the wave passes through one alternation. The number of 
cycles completed in one second is the frequency of the wave. Frequency is 
expressed in cycles per second (cps) and is denoted by the symbol /. The 
time in seconds required for the wave to pass through one cycle is its 



period. A wave Iiaving a frequency of 60 cycles per second requires 1/60 
second to pass through one cycle; hence, the period of a 60-cyclc wave is 
1/60 second. 

4. Relation between Time and Space-Degrees. In the sine wave 
(Fig. 1-3) the magnitude of voltage is represented along the vertical axis 
and the space-degrees through which the conductors pass are plotted 
horizontally. Since the conductors which generate this wave move with 
uniform angular velocity, there is a definite relationship between time and 
space-degrees; and the wave could have been constructed with time instead 
of space-degrees along tlic horizontal axis. Thus, for a 60-cycle wave the 
360 degrees would correspond to a time of 1/60 second. Other correspond¬ 
ing values between degrees and time for a 60-cycle wave are illustrated 
in Fig. 1-4. 

5. Electrical Time-Degrees and Space-Degrees. One cycle is pro¬ 
duced in a 2-pole alternator when the conductors pass through 360 space- 
degrees. The time required for the cycle is 1// second, where/ represents 
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the frequency of the wave. The time 1// second may be divided into 360 
equal divisions, each called an electrical time-degree. Then, in a 2-pole 
alternator one space-degree equals one electrical time-degree. In a 4-pole 
alternator, the wave passes through two cycles, or 720 electrical time- 
degrees, while the conductors rotate through 360 space-degrees. Thus, in 
the case of a 4-pole alternator one mechanical space-degree is the equiva¬ 
lent of two electrical time-degrees. It is obvious that the relationship 
between electrical time-degrees and space-degrees depends on the number 
of poles in the alternator. If alternating voltage and current waves were 
plotted with space-degrees, the number of degrees per cycle would vary 



Fig. 1-4. A 60-Cycle Sine Wave with Time in Seconds Plotted as the Abscissa. 

with the number of poles in the alternator. Since the number of electrical 
time-degrees per cycle is 360 regardless of the number of poles, it is cus¬ 
tomary to plot alternating voltage and current waves with electrical 
time-degrees along the horizontal axis. 

Problem 1-1; The period of a sine wave is 0.04 second. Determine: (a) the 
frequency; (6) the time required for the wave to pass from zero to a positive maxi¬ 
mum; {c) the time for each electrical time-degree. 

Probb^m 1-2: A sine wave has a frequency of / cps. Express in terms of/: 
(tt) the time for one alternation; (6) the time for one electrical lime-degree. 

Problem 1-3; In an 8-pole alternator one space-degree equals how many elec¬ 
trical time-degrees? 

Problem 1-4: Through how many electrical time-degrees does a conductor 
for a 12-pole alternator pass while rotating through an arc of 45 space-degrees? 

6. Relation between Number of Poles, RPM and Frequency of an 
Alternator. One cycle has been defined as that portion of a wave produced 
by armature conductors completing the passage of two poles. Hence, the 
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number of poles and the rpm of the conductors determine the frequency 
of an alternator. If we let P represent the number of poles, the number of 
cycles per revolution equals P/2. And, if s represents the revolutions per 
second, 

/ = Ps/2 cps 

Allowing aS to represent the revolutions per minute, 

,9 = aS/60 

Then: 

/ = PASyi20cps (1-1) 

Problem 1-5: An alternator with 10 poles revolves at 600 rpm. What is its 
frequency? 

Problem 1-6: At what rpm must a 6-pole alternator be driven to produce a 
frequency of 25 cps? 

Problem 1-7 : An alternator driven at 150 rpm must have how many poles in 
order to produce 60 cps? 

Problem 1-8: Determine the frequency of a 10-pole alternator which is driven 
at 480 rpm. 

Problem 1-9: A 4-pole alternator is to be driven at varying speeds to provide 
frequencies ranging from 35 to 70 cps. Determine its minimum and maximum rpm. 


7. Standard Commercial Frequencies. The two standard commer¬ 
cial frequencies in the United States are 25 cps and 60 cps. The voltage 
drop per unit of current and distance is less with the lower frequency and 
hence, the voltage regulation on transmission lines is better at 25 cps than 
at 60 cps. Motors and synchronous converters function better at the 
lower frequency, although this advantage is not significant except for cer¬ 
tain types of machines. The flicker of incandescent lamps at 25 cps is 
objectionable and for this reason the higher frequency is desirable for 
electric systems which supply energy for both power and lighting. The 
transformers used on lower frequency systems are heavier and more costly. 

8. Sine Waves. One of the chief advantages of alternating voltage is 
the ease with which it may be transformed. Of all wave forms, sine waves 
can be transformed with the least distortion. For this reason designers of 
alternators look upon sine-wave shape as ideal and attempt to follow it 
in their designs as closely as practicable. Tlic emfs of commercial alter¬ 
nators are seldom perfect sine waves, but usually are close enough to sine 
form to permit treating them mathematically as sine waves. 

In producing one cycle of alternating voltage, a conductor passes through 
360 electrical time-degrees in 1// sec. If we convert the electrical time- 
degrees into electrical time-radians, 360 degrees would equal 2^ radians. 
The electrical angular velocity a? (omega) would be 




1// 


2irf radians per second 


( 1 - 2 ) 
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The electrical time angle in radians corresponding to a time i seconds 
would be 2Trft or wt radians. 

If the magnitude of voltage for each value of i equals the maximum 
value times the sine of the angle passed through in i seconds, the voltage 
is of sine-wave form. The equation of this wave is 

e = E„^ax sin oit (1-3) 

where e is the instantaneous voltage at the angle cot and Emax is the 
maximum voltage. 

Likewise, the equation for a sine-wave current is 

i = Imax sin cot (1-4) 

Example 1-1: A sine wave of emf has a frequency of 40 cycles per second 
and a maximum value of 325 volts. Determine: (a) th(i angular velocity 
of tlie wave; {b) the instantaneous value of voltage when cot equals 0.45 
radian; and (c) the instanlaneous value of voltage when cot equals 30°. 

Solution* 

(а) (o = 27r/ = 6.28 X 40 = 251.2 radians per second Arts. 

(б) e = Emax^in cot ~ 325 X 0.435 = 141.38 volts Ans. 

(c) e = Emax sin cot = 325 X 0.5 = 162.5 volts. Ans, 

Example 1-2: How long in seconds is required for a sine wave having a 
frequency of.25 cps to pass from its zero value to one-half its maximum 
value? 

Solution. 

€ 
cot 
cot 

t per cycle 
t per degree 
/for 30° 

(The expression sin~’^ is to be read as ''the angle whose sine is.'') 

Problem 1-10; (a) What is the instantaneous value of voltage at 45° when the 
maxiniiim value is 140 volts? (6) What is the instantaneous value of the voltage 
at 225°? 

V Problem 1-11: If the instantaneous value of a sine wave of current is 36 amp 
at 135 degrees, what is the maximum value of the wavt‘? 

Problem 1-12; The instantaneous value of a sine wave of voltage is 87 volts 
at 60°. (a) What is its instantaneous value at 30° ? (h) at 150°? (c) at 180°? (d) at 
210°? (e) at 330°? 

Problem 1-13; (a) What is the angular velocity of a 60-cycle sine wave expressed 
in radians per second? (h) Through what angle, expressed in radians, does a 60-cycle 
sine wave pass in 1/480 of a second? (c) What is the instantaneous value of a 


— Emax Sm cot 

= sin“i eJEmax = sin-^ 0.5 
= 30° 

= 1/25 = 0.04 sec 

= 0.04/360 = 0.000111 sec 

= 30 X 0.000111 = 0.00333 sec. Ans. 
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60-cycIe sine wave 1/480 of a second after it has passed through 0°, if its maximum 
value is 150/ 

Problem 1-14: (a) What is the frequency of a sine wave which has an angular 
velocity of 314 radians per second/ (b) How long in seconds is required for this 
wave to pass from zero to 0.707 times its maximum value/ 

9. Construction of a Sine Wave. The circle (Fig. 1-5) is drawn to a 
convenient scale with the radius equal to the maximum voltage. The cir¬ 
cumference of the circle is divided into a number of equal arcs. In Fig. 1-5 
twelve arcs, each spanning an angle of 30°, have been used. A horizontal 
line CD is divided into the same number of equal parts as there are divi¬ 
sions of the circle. Each division of CD represents the time required for 
90 



hijr. I 5. ('(Uistnictioii of a SiiK'\\ avr. 


the coil lo iriove ihrough 30°, and the entire l(‘nglh of (JD represents tlie 
time required for oik* complete revolution. The point when^ the radius 
at 30° cu ts I he circumference of the circle is projected horizontally until 
it in1ers(‘cts a perpc'udicular to CD at the 30° division. The length of the 
perpendicMilar from CD to the point of intersection represents to scale the 
instantaneous value of (^rnf at 30°. That is 

sin 30° — elEmax or c = sin 30° 

Horizontal lines projected from olher intersi'ctions on tin* circumference 
of the cirede to perpendiculars at corresponding angh^s on CD provide 
points for construction of the sine wave. The curve for angles between 
0° and 180° lies above line CD representing positive values of emfs, and 
for angles between 180° and 360° the curve represents negative values of 
emfs. 

Problem 1-15: Construct a sine wave of current which has a maximum value of 
25 amp. Suggestion: Use a piece of 8^ by 11 inch cross-section paper and place the 
long side horizontally. With a scale of one inch equal to 10 amp draw a scmicarcle 
with radius equivalent to the maximum current. Center of semicircle should be 
on left grid 3^- inches from bottom grid. Divide the semicircle into 12 angles of 1.5° 
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each. Lay out 360° on the horizontal time axis with a scale of one-guarter inch 

equal to 15^. Obviously, it is not necessary to draw the complete circle. 

Problem 1-16: Construct a sine wave of emf which has an instantaneous value 
of 35.35 volts at 135°. Suggestion: Same as for problem 1-15 except use scale of 
one inch equal to 20 volts. 

10. Average Height of One-Half Cycle of Sinusoidal Voltage or 
Current. The average height, or average ordinate, of the sine wave is an 
important factor in the study of alternating current and voltage waves. 
As the shape of the positive and negative alternations of a sine wave is 
the same, the average ordinate of the wave for a complete cycle is zero. 
The average ordinate for one alternation, however, has a definite value 
and can be found by measuring the area under one alternation and divid¬ 
ing this area by the length of the alternation along the time axis. If the 
work is done accurately, the ratio will be 0.636. Thus for a sine wave of 
current: 

lave = 0.636Imaz (1*5) 

Likewise for a sine wave of emf: 

Eave = 0.636E„,ax ( 1 - 6 ) 

The area under one alternation of a sine wave can be measured with a 
planimeter (an instrument for measuring area), or if the wave is plotted 
on cross-section paper, the area can be estimated by counting the small 
squares which lie under the curve. Also, the area under one alternation 
can be computed mathematically by use of the calculus. By computation 
the area equals twice the maximum height. Dividing this value by the 
lengtli, TT radians, we have: 

f arc 21 

max /W = 0.636Imaz 

Likewise: 

Eave = 2EmazlTr = 0.636Emax 

The average or mean ordinate of a sine wave can be estimated without 
determining the area under the curve by adding a numl)er of ordinates 
which are equally spaced from 0° to 180° and dividing this sum by the 
number of ordinates. Obviously, the accuracy of determining the mean 
ordinate by this method increases with the number of ordinates selected. 

Problem 1-17: (a) Determine the average value of the sine wave of current, 
problem 1-15, by measuring the area of one loop of the wave and dividing the area 
obtained by the length of the loop along the time axis, (h) Determine the ratio of 
the average ordinate to the maximum ordinate of the wave. 

Problem 1-18: (a) Determine the average value of the sine wave of emf, problem 
1-16, by measuring the area of one loop of the wave and dividing the area obtained 
by the length of the loop along the time axis. (6) Determine the ratio of the average 
ordinate to the maximum ordinate of the wave. 
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Problem 1-19: If the average value of a sine wave of emf is 96 volts, what is 
its maximum value? 

Problem 1-20: The instantaneous value of a sine wave of current at 38® is 
27.4 amp. What is its average value? 

11. The Alternating-Current Ampere. The ampere of direct current 
is defined as that value of current which will deposit 0,001118 grams of silver 
per second in a standard solution of nitrate of silver and water. The ampere 
of alternating current cannot be defined in this manner as the silver 
deposited in one-half cycle would be removed during the other half. The 
ampere of alternating current is defined as that value of alternating current 



which will produce the same healing effect as one ampere of direct current 
when flowing through the same ohmic resistance for the same period of time. 
This value of alternating current is called the effective value and is the 
value read by alternating-current ammeters of the more generally used 
types. 

12. Effective Value of Alternating Voltage or Current. In an a-c 
circuit the instantaneous power equals the product of the resistance and 
the square of the instantaneous current. That is, Pi = Rii^, P 2 = 

Pz = PiV, etc. The average power is: 

Pave = average of {Bi^ + Ri<^ + Ri^, etc.) 

Pave = R (average of [ii2 4. ^ 






WAVES AND QUANTITIES 11 

Also, 

Par. = RIef/ 

Therefore, 

leff^ = (average of [I'l^ + etc.]) 

And, _ 

Jeff = ^average of (ii^ -[- etc.) 

Do not confuse with the average of ( ir + i't + iV, etc.), for the tw o 
values are not the same and, therefore, Vaverage of etc.) 

or leff is not the same value as lave- 

In Fig. 1-6 the squares of the instantaneous values of current are used 
to produce the squared-current curve. If the area under the squared- 
current curve is measured and divided by the length, the average ordinate 
of the squared-current curve will be obtained. The effective value of cur¬ 
rent, often called the root mean square (rms) value, equals the square root 
of this average or mean ordinate of the squared-current curve. If the 
effective value of current is divided by the maximum value, the ratio will 
be 0.707. That is: 

hff = 0.707/,nax (1-7) 

The relationship between the effective value of voltage (rms voltage) and 
the maximum value of the voltage wave is the same as that between rms 
current and the maximum value of the current wave or: 

Eeff = OJOlEmav ( 1 - 8 ) 

When we speak of an a-c current or voltage, the efi'ective value is under¬ 
stood unless otherwise stated. Subscripts arc used to denote average or 
maximum values such as Eave or I^axy but it is customary to omit sub¬ 
script when writing effective values. Thus the symbols E and / without 
subscripts indicate effective values. 

Attention is called to the fact that equations 1-7 and 1-8 are derived 
with the assumption that tlie wave form of current or voltage is sinu¬ 
soidal. Hence, these equations will be in error when wave forms other 
than sinusoidal form are encountered. 

Problem 1-21: Place the long side of an 8| by 11 inch sheet of cross-section 
paper horizontally. Construct a sine wave of current having a maximum value of 
2 amp. Locate the center of the semicircle on the left grid of the paper 2 inches 
above the lower left comer. Use scale of 1 inch = 1 amp and 1/4 inch = 15°. 
Square the instantaneous current ordinates at 15° intervals, and plot the squared- 
current curve. Determine the average ordinate of the squared-current curve by 
measuring its area and dividing by its length. One or both loops of the squared- 
current curve may be used. Take the square root of this average ordinate to find 
the value of L//. Divide the effective value of current as found by the maximum 
value to obtain the ratio by wliich the maximum must be multiplied in order to 
obtain the effective value. If the work is accurate, this ratio will be 0.707. 
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Problem 1-22; What is the elFective value of an alternating current of sine wave 
form which has a maximum value of 40 amp? 

Problem 1-23: The effective value of a-c voltage used in residence lighting is 
115 volts. What is the maximum voltage? 

13. Effective Resistance. A coil (Fig. 1-7) with a removable iron core 
is connected across a d-c source. Resistance in series with the coil is 
gradually decreased until the current rises to 1.2 amp, a safe value for the 
coil. The voltmeter reading is 20 volts and the wattmeter reading is 
24 watts. The conductor or ohmic resistance, calculated from voltage 
and current is: 

= E/r = 20/1.2 = 16.67 ohms 
Or calculated from power and current: 

Rd.c = P/P = 24/1.22 = 16.67 ohms 

Regardless of the position of the iron core the d-c instruments give the 
same indication. These, however, will vary while the core is in motion. 



Fig. 1-7. Circuit for llluslratmg Ohmic and Effective Resistance. 

The iron corc^ is removt'd from the coil, tlie d-c voltmeter and ammeter 
are replaced with a-c instrumcuits, and a 60-cycle a-c source is impressed 
on the circuit. Resistance in series with the coil is decreased until the 
current reaches the same value as obtained witli dc, i.e., 1.2 amp. It 
now requires 48 volts to establish this value of current in the coil, and 
the wat tmeter reads 24 watts. The magnetic field set up in the coil by 
the alternating current is changing continuously, and, thus a voltage of 
self-induction is generated in the coil. According to Lenz’s law this induced 
voltage opposes the applied voltage. Thus, the applied voltage has two 
components: one which overcomes the voltage of self-induction, and the 
other which overcomes the resistance drop. Tliis accounts for the increase 
from 20 to 48 volts. 

The power in the circuit with alternating voltage applied is less than 
the product of E and /, and hence the volt-amperes (product of volts and 
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arnperos) rinist be rmilliplied by a factor less than unity in order to equal 
the watts indicated by the wattmeter. This coefficient of El is known as 
the power factor of the circuit. Since the full value of applied voltage is 
not spent in overcoming the resistance drop of the circuit, E divided by I 
would not be R, but would be the combined effect of resistance and the 
voltage of S(df-induction to impede the flow of current. The value E 
divided by / gives tlie impedance of the circuit. The unit of impedance is 
t lie ohm and the symbol for impedance is Z. 

Z = E/I (1^9) 

The (lonductor resistance with alternating voltage applied is determined 
by dividing tlic power by tlie square of the current. 

Ra.c = P/P = 24/1.22 = 16.67 ohms 

The conductor resistance with the iron core removed apparently remains 
constant regardless of whether direct or alternating voltage is applied. 
This, however, is not actually true, for the changing magnetic field set up 
by the alternating cairrent induces a voltage which tends to have greater 
magnitude near the center of the conductor. Tlie effcK't of this induced 
voltage is to set up eddy currents in the conductor, and to cause the cur¬ 
rent to be denser near the surface. This latter plienornenon is known as 
skin effect. The difference between d-c and a-c conductor resistance in¬ 
creases with the cross-section area of the conductor and the frequency, 
and is of little importance, practically speaking, until the product of the 
cross-section area in circular mils and the frequency exceeds 10,000,000. 

A third set of readings is taken with the iron core in the coil and a-c 
voltage applied. The series resistance is again adjusted to give 1.2 amp 
and the voltage impressed on the coil is now 120 volts. The wattmeter 
reading is 33.7 w^atts. Placing the iron core in (he coil reduced the reluc¬ 
tance of the magnetic circuit and thus increased the magnetic flux. Hence, 
the voltage of self-induction was increased, and a greater value of applied 
voltage was required to establish 1.2 amp in tlie circuit. The wattage 
increased due to hysteresis and eddy current loss(is in tlie iron core, and 
lienee, the wattage divided by the square of the current gives a higher 
value of resistance. This value of resistance is known as the effective 
resistance of the circuit, and in the case stated: 

Reff = P/P = 33.7/1.22 23.4 ohms 

The entire electrical input to the coil (PR) is radiated as heat. Part of 
this heat is generated in the copper wire with which the coil is wound, 
and part is generated in the iron core. Since the eddy currents and hys¬ 
teresis produce the same effect in the circuit as resistance, i.e., heat, their 
effect in the a-c circuit is included as part of the efl’ective resistance. 
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If a core which is nonmagnetic, but whicli is a conductor of electricity, 
were inserted in the coil in place of the iron core, the eddy currents induced 
by the a-c flux would cause the wattage and effective resistance to be 
greater at the same current value than for the coil with the core removed. 
We may conclude then, that ohmic resistance is the actual resistance of 
the conductor as measured with direct current, while effective resistance 
takes into consideration, not only ohmic resistance, but skin effect and 
core losses of the circuit as well. Do not confuse ejfeciim resistance with 
impedance. 

14. A-c Circuits Containing Only Resistance. Fig. 1-8 shows one of 
several methods used to construct resistors for service in a-c circuits. It 

/-vr-' . will be noted that by winding 
\ \ M M M M M the coil iwo-in-hand the magne- 

^^\\\\\\\\\ \ \ \ toniotive force developed by one- 

-X x \Xj Wj IL \ \ I ^ 

I I celled by the remaining turns. 

Fig. 1-8. Noninduclivc Resistor. ' currents of very high 

frequencies such a coil is nonin- 
ductive and its windings ofler only ohmic resistance to the passage of current. 

When a noninductive resistor is connected across an a-c source, the 
wattage equals the product of the applied voltage and the current. That is: 

P = El (1-10) 


Hence, in a circuit containing only resistance, the power factor is unity, and 
the resistance may be found, either by dividing the voltage by the current, 
or by dividing the power by the square of the current. 

/? = £// = P/P (1-11) 

Fig. 1-9 shows the voltage and current waves for an a-c circuit con¬ 
taining only noninductive resistance. The two waves pass through zero, 



Fig. 1-9. Phase Relation Between Current and Voltage in an A-c Circuit Containing 

Only Resistance. 
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positive maximum, and other corresponding ordinates at the same instants, 
i.e., there is no time interval, angular displacem^t, or phase angle, between 
the waves. Under this condition the waves are said to be in phase. 

Problem 1-24: A circuit draws 12 amp and 720 watts when connected across 
a 120-volt a-c source. Determine the impedance and the effective resistance. 

Problem 1-25: The high-voltage coil of a transformer is connected across a 
220-volt a-c source with the low-voltage coil open-circuited. The coil draws 1.4 
amp and 80 watts. Determine its impedance and effective resistance. 

15. Voltage of Self-Induction. A change of current in a circuit causes 
a corresponding change of the magnetic field. This change in magnetic 
field in turn induces a voltage of self-induction in the circuit. The average 
value of tills self-induced voltage: 

Esi — — N (<j> change)/\i)H volts (1-12) 

where N is the number of turns, </> is the flux, and t is the time in seconds 
during the change in flux. 

Self-inductance of a circuit is the rate of flux linkage change in respect 
to the rate of current change. When the magnetization curve of the cir¬ 
cuit is a straight line, as in an air core coil, the inductance is constant and 
can be computed from the equation: 

L = N (02 - 0i)/lO« {h - /i) henry (1-13) 

where ( 02 0i) represents the change in flux and (h — /i) is the change 
in current. When magnetic material is present in the core of a coil the 
magnetization curve is not linear, and L is not constant. Under this con¬ 
dition the average value of inductance between tlie limits of current is ob¬ 
tained when equation 1-13 is used. Rearranging equation 1-13 to read: 

L (I change) = N {(j> change)/\0^ 
and substituting in equation 1-12, we have 

E^i — — L {I change)/I volts (1-14) 

16. Angular Displacement Between E and / in an A-c Circuit 
Containing Only Inductance. Fig. 1-10 shows the voltage, current, 
and flux waves for an a-c circuit containing only inductance. It will be 
noted that the rate of change of the current and flux waves is greatest 
when they are passing through zero. Hence, will pass through its 
maximum value when current and flux pass through their zero values. 
Also, the rate of change of current and flux is zero as the waves pass 
through their maximum values. Hence, Esi will be zero when I and 0 are 
maximum. Thus, an angular displacement of 90° exists between the cur¬ 
rent wave and the voltage of self-induction wave. 



16 


ALTERNATING-CLKKENT CIKCUITS 


According to Lenz’s law, E^i will be negative while 1 is increasing from 
negative maximum to positive maximum, and positive as the current 
decreases from positive maximum to negative maximum. Since the circuit 
contains only inductance, E^i is equal and opposite to the applied volt¬ 
age, E, Hence, in an a-c circiiil which contains only inductance, a phase 
angle of 90^ exists between the applied voltage and the current. In this 
circuit I passes through its zc^ro, positive rnaxirnum, and other cor- 



Fig. I -10. Phaser Relation Ret ween Current and Voltage in an A-c Circuit Con¬ 
taining Only Inductance. 

responding values 90° lal(;r than E. l"hus, 1 lags K by 9(P, and the pliase 
angle is an angle of lag. Phase angle is d(‘noted by tlu^ symbol 0, and 
should not be confused witJi the tiin(‘ artgle oil. 

Example 1-3; A 25-(‘y(’le current having an enective value of 5 amp 
flows in a circuit having an inductance of 0.2 lienry. Whal is the average 
vollage of scdf-irjduction generated while the tnirrenl is passing from its 
zero value, to its instantaneous value at 10°.^ 


5/0.707 = 7.07 amp 
/„„;xsin 10° = 7.07 X 0.171 = 1.23 amp 
iw — io = 1-23 amp 
1/25 X 10/360 - 10/9000 = 1/900 sec 
— L (/ change) _ /0.2 X 1.23\ 

/ ~ V 1/000 ) 

- (900 X 0.2 X 1.23) = ~ 221.4 volts Ans. 

The voltage calculated in the aboA^e solution is the average of the self- 
induced voltage while the current is passing from zero to 10° and should 
not be confused with the average for the entire change between zero and 
Lnax- The value is negative because the current is increasing and Es- 
oppos(‘S an increase. 


Solution. 

f .. - 

/'lo == 

I change = 
* / =- 

Esi ~ 
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Problem 1-26: A coil of negligible resistance has an inductance of 0.318 henry. 
A 25-cycle current having an effective value of 2.2 amp flows through the cod. 
Plot to scale the current wave, the voltage of self-induction wave, and the wave of 
applied voltage. Suggestion: Place a sheet of 8^ by 11-inch cross-section paper with 
the long side in the horizontal position. Draw the time axis horizontally across 
the sheet 3^ inches from the bottom grid. Construct 180° of the current wave 
using a scale of 1 inch = 1 amp and 1 inch = 20°. Calculate the average voltage 
of self-induction for each 10° of the current wave, i.e., between 0° and 10°, between 
10° and 20°, etc. Plot the average voltage of self-induction half-way between the 
angular limits for which it is obtained. Use a scale for E and E,i of 1 inch = 50 
volts. Remember that Esi is negative when I is increasing and fK)sitive when I 
decreases. E is plotted equal and opposite in sign to Esi, 


17. Determining the Effective Value of Esi in an A-c Circuit. 
The current in an a-c circuit clianges from zero to Imax in one-quarter of 
a cycle, i.e., in 1/1/ cycles. If the inductance of the circuit is L, the flux- 
linkage change as the current passes from zero to maximum is 

L X 10« X I„.ax 


The average voltage of self-induction during this change, 
rp _ _ ^ X 10^ X fmnx _ _ \{T T 

10^ X 1/4/ •' """ 


_ Eave _ ^‘fLIfnnx _ 

max — ^ ^ — T ^ ^ — 


0.636 


0.636 


6,2SfLL 


Multiplying both sides of the equation by 0.707 to obtain effective values, 

(0.707£^„.) = ~ 6.28/L (0.707/^ax) 

Esi = - 6.28/L/ = - 2wfLI (1-15) 

The component of the applied voltage which overcomes Esi is denoted 
^by the symbol El- Hence, Ll is equal and opposite to Esi and can be 
exprCvSsed as: 

El = 27r/L/ (1-16) 

Example 1-4: A 50-cycle source is impressed across a coil having an 
inductance of 0.4 iicnry, and 3 amp flows in the coil. Determine the com¬ 
ponent of tlie applied voltage which overcomes Esi, 

Solulion. 

El = 2ir,fLl 

El = 6.28 X 50 X 0.4 X 3 = 376.8 volts Arts. 

18. Inductive Reactance. Because the voltage of self-induction 
opposes the change in current at any instant, its effect on the circuit is 
measured in ohms. This tendency of Esi to react against the change in 
current is called inductive reactance, and its symbol is Xl- Inductive 
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reactance equals the component of the applied voltage which overcomes 
Esi, divided by the current. 

Xl = El/I (1-17) 

Substituting for El its value from equation (1-16), we have 

Xl = 27rfLI/I = 27r/L = coL (1-18) 

Since equation 1-16 is derived assuming ratios between average, effective 
and maximum values as obtained from sine waves, it is evident that 
equation 1-18 is true only when the wave follows the sine law. 

Example 1-5: A coil of negligible resistance having an inductance of 
0.5 henry is placed across a 60-cycle, 220-volt supply. What current flows 
in the coil? 

Solution. 


Xl = 27r/L = 6.28 X 60 X 0.5 = 188 ohms 
I = E/Xl = 220/188 = 1.17 amp Am. 

Problem 1-27: A coil having an inductance of 0.03 henry is placed across a 
60-cyclc source. A current of 5 amp flows in the circuit. Determine the component 
of the applied voltage required to overcome 

Problem 1-28: A coil of 450 turns has an effective voltage of 120 volts induced 
in its windings when a 60-cycle current of 4 amp flows in the circuit, (a) What is 
the inductance of the coil? (b) What is the maximum flux linkage? (c) What is 
the maximum flux change? 

Problem 1-29: A coil of negligible resistance draws 6 amp when placed across 
a 120-volt, 25-cycle source, (a) What is the inductance of the coil? (b) What is 
the maximum flux linkage for one-fourth of a cycle? 

Problem 1-30: A transformer primary draws 2 amp when placed across a 240- 
volt, 60-cyclc source. What current will the winding draw if placed across a 25-cycle, 
240-volt source? (Consider the inductance of the coil to be constant at both fre¬ 
quencies and resistance of the coil to be negligible.) 

Problem 1-31; If the inductance L of the transformer primary, problem 1-30, 
is reduced 30 per cent due to saturation of the core when the frequency is changed 
from 60 to 25 cycles, what current will it draw when placed across the 25-cycle, 
240-volt a-c source? 

19. Analogy of an A-c Circuit Containing Only Capacitance. 

The phase relation between current and voltage in an a-c circuit contain¬ 
ing only capacitance is analogous to the relation between flow and pres¬ 
sure in the hydraulic system (Fig. 1-11). Pressure is produced in the 
pipe by a paddle-type pump which may be driven with varying speed in 
either direction. A flexible rubber diaphragm extends across the enlarged 
section of the pipe. Consider the pressure to be positive when it tends 
to force the liquid in a counterclockwise direction and to be negative 
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when it tends to send it clockwise. Also, consider the current to be posi¬ 
tive when in the counterclockwise direction and to be negative when 
clockwise. 

With equal pressure on each side of the diaphragm, the pump is started 
in a counterclockwise direction and its speed is regulated so as to give 
sine wave pressure variation Rubber 

/ Diaphragm 

1 / 


with respect to time, as shown 
by Fig. 1-12. Current flows 
counterclockwise or positive 
while the pressure is increas¬ 
ing, and establishes a back 
pressure by stretching the rub¬ 
ber diaphragm to the left. 
Thus, flow of the liquid is the 
means by which the applied 
pressure and. back pressure 
tend to counterbalance each 
other. During the period in 
which the pressure of the pump 
increases from zero to maxi¬ 
mum in a counterclockwise 





Negative 
Current 
and Pressure 




a 


Positive 
Current 
and Pressure 


Pump 


Fig. 1-11. Hydraulic Analogy of Capacitance 
in an A-c Circuit. 


^\ Back 

^^^Prcssurc 
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direction, current flows counterclockwise. The magnitude of the current at 
any instant is proportional to the rate at which the pump pressure is 
changing at that instant. And since we have assumed sine-wave form for 
the pressure of the pump, the rate of change of the pump pressure will 
be a maximum at the instant the wave passes through zero. Hence, the 

current will be a maximum positive 
value while the pump pressure is in¬ 
creasing in a positive direction through 
zero. At the instant the pressure of the 
pump reaches its maximum positive 
value, its rate of change will be zero and 
current will cease to flow in the system. 

It is not necessary to reverse the pump 
pressure to cause the current to reverse. 
Simply allow the pump pressure to de¬ 
crease from its maximum positive value 
and the back pressure of the diaphragm 
sends the current in the clockwise direction. The current continues to 
flow clockwise and increases to its maximum negative value at the instant 
the pump pressure reaches zero. At this instant the rubber diaphragm 
is in its original unstretched position and the back pressure is zero. 



/ 

Fig. 1-12. Phase Relation Be¬ 
tween Flow and Pump Pressure for 
the Hydraulic Circuit of Fig. 1-11. 
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Reversing the pump produces pressure in a clockwise direction and 
current continues to flow clockwise. The magnitude of the current in¬ 
creases to zero as the pump pressure continues to decrease to a negative 
maximum. The continued motion of current in the clockwise direction 
causes the rubber diaphragm to stretch to the right and when the pump 
pressure reaches its negative maximum, the back pressure reaches its 
positive maximum. During the final quarter-cycle the pump pressure, 
which is still (clockwise, decreases from a maximum in this direction to 
zero. The back pressure of the diaphragm causes current to flow counter¬ 
clockwise, the magnitude of which increases from zero to maximum. 
Hence, in this hydraulic circuit the current leads the applied pressure by 
an angle of 90®. 

20. Current and Voltage Relations in an A-c Circuit Containing 
Only Capacitance. Consider the sine-wave voltage E (Fig. 1-13) to be 
positive when it acts counterclockwise, and negative when it acts clock¬ 
wise. Likewise, consider the current to be positive when counterclockwise 



Fig. 1-13. Phase llelation Between Current and Voltage in an A-e Circuit 
Containing Only Capacitance. 


and negative when clockwise. During the first quarter-cycle while the 
applied voltage is increasing in a positive direction from zero to a maxi¬ 
mum positive value, the current flows from the left plate of the capacitor, 
through the generator, to the right plate. Voltage and current are both posi¬ 
tive. Since the magnitude of current at any instant is proportional to the 
rate of change of voltage at that instant, the current will be at its maxi¬ 
mum positive value when the voltage is passing through zero in a positive 
direction. Also, the current will be zero when the applied voltage is at 
its maximum positive value. The flow of current in the positive direction 
during this period of time charges the right plate of the capacitor positively 
and the left plate negatively. Thus, a counter voltage is established 
which acts in opposition to the applied voltage, and the current is the 
means by which the applied voltage and counter voltage tend to counter¬ 
balance each other. 

As the applied voltage decreases from the maximum positive value to 
zero, the counter voltage of the capacitor causes the current to reverse. 
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During this period tlie applied voltage is positive but decreasing in value 
and the current is negative and increasing in value. At the instant the 
applied voltage wave passes through zero, the current reaches its maxi¬ 
mum negative value and the capacitor is discharged. 

During the period in wliich the applied voltage increases from zero to 
it.s maximum negative value, the direction of current remains negative, 
but its value decreases, and reaches zero at the instant the applied voltage 
passes through its negative maximum. The left plate of the capacitor is 
now charged positively and the right plate negatively. 

As the applied voltage changes from its maximum negative value to 
zero, the current increases from zero to its positive maximum. Thus, in 
an a-c circuit which contains only capacitance^ the current leads the applied 
voltage by 90^. 

The wave of charging current in an a-c circuit (containing only capaci¬ 
tance will be of cosine form if the impressed voltage wave is of sine form. 
This fact can- be provccd graphically or by use of the (calculus. A cosine 
wave is similar to a sine wave in every ro 
spcct except that its maximum value occurs 
at 0 degrees, and its zccro value occurs at 90°. 

21. Charging Current in an A-c Circuit 
Containing Only Capacitance. The charge 
on a capacitor at any instant is given by the 
equation 

q = Ce (1-19) 

where q is the instantaneous value of quantity 
in coulombs (ampere-vS(cconds), C is the capac¬ 
itance in farads, and e is the instantaneous 
value of the applied voltage. 

It is obvious then that when a sine-wave 
a-c voltage is impressed on a capacitor, the quantity wave and the voltage 
wave will be in phase. And: 

(^max ~ Ch/rnax 

From Fig. 1-14 it is also obvious that the maximum charge e(|uals the 
product of the average current between zero and 90° and the time in 
seconds for the wave to pass from zero to 90°. That is: 



Fig. 1-14. Charge of a Capac¬ 
itor on an A-c Source. 


CEmax 

I ave 
f nve 

0 . 636 /rrm* 

t max 


= lave X 1/4/ 

= lave X 1/4/ 

= ^fCEmax 
— 0.636/„,ax 
= ^fCEn^ax 

= 4fCEmax/0.636 = 6.28fCE„rax 


Then: 
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Multiplying both sides of the equation by 0.707 to obtain effective values 
of I and we have 

(OJOlIma.) = 6.28/C (0.707E^„.) 

I = 6.2SfCE = 27rfCE (1-20) 

Example 1-6: A 15-microfarad capacitor is placed across a 220-volt, 
60-cycle a-c source. A charging current of 1.245 amp flows. Determine 
the maximum charge. 

Solution. The time required to charge the capacitor is 1/4/ or 1/240 
sec. The average value of the current from 90 degrees to zero degrees 
(assuming sine-wave form) is, 

lav. = Lff X 0.6,36/0.707 = 1.12 amp 

Qmax = hvv X 1/4/ = 1.12 X 1/240 = 0.00467 coulombs Ans, 

Alternate Solution. 

Qmax = CEmax 

Emax = E/0.707 = 311 volts 

Qmax = 0.000015 X 311 = 0.00467 coulombs Ans, 

22. Capacitive Reactance. The effect of the counter voltage in op¬ 
posing the change in current is called capacitive reactance, and is measured 
in ohms. Capacitive reactance equals the voltage applied to the capacitor 
divided by the charging current. Its symbol is Xc> 

Xc = E/I (1-21) 

Substituting for I its value from equation J-20 we have: 

Ac; = E/2irfCE = l/27r/C = V/oiC (1-22) 

Since equation i-20 is derived assuming ratios between average, effective, 
and maximum values as obtained from sine waves, it is evident that 
equation 1-22 is true only wlu;n the waves follow t he sine law. 

When C is (expressed in microfarads, equation 1-22 may be changed to 
read * 

.Vc = 10V27r/C - lOVo^C (1-23) 

Problem 1-32: The charge on a capacitor is 0.00964 coulomb after a charging 
period of 1/120 sec. What is the average rate of current flow into the capacitor.^ 

Problem 1-33: A 40-microfarad capacitor is placed across a 240-volt, variable 
frequency a-c source. Determine the maximum charge when the frequency is 
25 cycles; 60 cycles. 

Problem 1-34: A 60-microfarad capacitor is placed across a 50-cycle a-c supply. 
A current of 1.8 amp flows. What voltage is applied to the terminals of the ca¬ 
pacitor? 

Problem 1-35: A capacitor is placed across a 220-volt, 60-cycle supply and a 
current of 1.56 amp flows in the circuit. What is the capai itance in microfarads? 
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Problem 1-36: A capacitor is placed across a 120-volt, 60-cycle source and a 
current of 0.94 amp flows in the circuit. Determine its reactance in ohms and its 
capacitance in mfd. 

Problem 1-37; A 40-microfarad capacitor is placed across a 440-volt, 60-cycle 
supply, (a) Detennine its capacitive reactance. (6) What current will flow.'^ 
(c) If the frequency of the supply is changed to 40 cycles, what value of voltage 
is required to establish the same magnitude of charging current as obtained on 
60 cycles.^ 

23. Addition and Subtraction of Sine Waves. Fig. 1-15 shows an 
a-c series circuit containing resistance and inductance. The current / is 



in phase with the voltage across the resistor E/z, but lags the voltage 
across the inductive reactance Ez, by 90°. Instantaneous values for plot¬ 
ting the applied voltage E are obtained by adding algebraically corre¬ 
sponding instantaneous values of Er and El^ Attention is called to the 
fact that Oy the phase angle between E and /, is an angle of lag between 
0° and 90°. The actual value of 6 depends on the ratio of resistance and 
inductive reactance in the circuit. Attention is also called to the fact 



Fig. 1-16. Addition of Two Sine-Wave Currents. 


that the maximum height of E in Fig. 1-15 is less than the arithmetical 
sum of the maximum heights of Er and El^ 

In a similar manner it can be shown that a series circuit containing 
resistance and capacitance has a leading phase angle between 0° and 90°; 


24 


ALTERNATING-CURRENT CIRCUITS 


the actual value of the phase angle depending on the ratio of resistance 
to capacitive reactance. 

One branch of the parallel circuit (Fig. 1-16) contains resistance and 
the other capacitance. The current Ir in the resistance branch is in phase 
with E, the voltage across the parallel circuit, and the current Ic in the 
branch containing capacitance leads E by 90°. Instantaneous values for 
plotting the wave of line current I are obtained by adding algebraically, 
instantaneous values of Ir and Ic- The phase angle between E and / is 
a leading angle of loss than 90°, and the maximum height of I is less than 
the arithmetical sum of the maximum heights of Ir and Ic- 

To subtract one (juantity from another it is merely necessary to change 
its sign and add. Hence, to subtract one sine wave from another merely 



Fiff. 1-17. rJilTerencc of Two Sine-Wave Currents. 


reverse the wave to be subtracted and add its instantaneous values to 
those of the other wave. The branch current Ii (Fig. 1-17) is subtracted 
from the line current I to obtain the second branch current h- 

Problem 1-38: One branch of a parallel circuit contains resistance and induct¬ 
ance. The current in this branch has a maximum value of 20 amp and lags the 
voltage across the parallel circuit by 30°. A second branch contains resistance and 
capacitance. The current in the second branch has a maximum value of 15 amp and 
leads the voltage by 30°. (a) Determine the maximum value of the line current. 
(b) Determine the phase angle between line current and voltage. Solve the problem 
by constructing sine waves and adding their instantaneous values. Suggestion: 
Place a piece of 8-} by 11-inch cross-s(^ction paper with the long side horizontal. 
Construct semicircles with tlieir centers on the left grid 3^ inches from the bottom 
grid. Use scale 1 inch = 10 amp. The value of the voltage in this problem is of no 
particular valu(', but the position of the voltage wave is important. Assume some 
height for the voltage wave, say 2^ inches maximum, and draw semicircle with 
radius using the same center as above. Lay out the horizontal time axis for 420° 
starting with an angle of — 30° and ending with an angle of -f 30°. Use a scale for 
the time axis of 1/4 inch = 15°. Draw^ the voltage wave passing through its zero 
value at zero degrees, h should be drawn 30° behind F, and h, 30° ahead of E, 

Problem 1-39: Two coils each containing resistance and inductance are con¬ 
nected in series across an a-c source. The voltage across coil one has a maximum 
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value of 50, and the current lags the voltage across this coil by 30®. The voltage 
across coil two has a maximum value of 70 and the current lags the voltage across 
this coil by 60®. Construct sine curves and determine: (a) the maximum value 
of the voltage across the circuit; (6) the phase angle between the voltage across the 
circuit and the current. Suggestion: Place the long side of a piece of by 11-inch 
cross-section paper horizontally, and construct three semicircles with their centers 
on the left grid 3^ inches above the bottom grid. Use scale 1/4 inch = 10 volts 
for the voltage waves. The actual value of the current wave is not important, but 
its position is of value, hence, it may be constructed to any convenient scale, say 
2 inches maximum height. Draw the horizontal time axis for 420 degrees, starting 
with 0° and ending with 60° for the second cycle, using a scale 1/4 inch = 15®. 
Draw the current wave passing through zero value at zero degrees. Ei should pass 
through its corr(\spondiiig zero value 30® ahead of /, and E 2 through its corre¬ 
sponding zero value 60° ahead of /. 



Fig. 1-18. Power Wave for an A-c Circuit Containing Only Resistance. 

24. The Product of Two Sine Waves — Power and Power Factor. 
Power in a d-c circuit is the product of the voltage and current. Power in 
an a-c circuit is the product of effective voltage and effective current only 
when the current and voltage are in phase. Fig. 1-18 shows the power curve 
for an a-c circuit which contains only resistance. The points on the power 
curve are obtained by multiplying corresponding instantaneous values of 
voltage and current. If the area of the power curve for 360® is measured 
and divided by its length, the average power obtained will be found to equal 
the product of E and /. 
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The circuit (Fig. 1-19) contains only inductance, and the current lags the 
voltage by 90®. Instantaneous values for plotting the power curve are ob¬ 
tained by multiplying corresponding instantaneous values of E and /. 



Fig. 1-19. Pow(’r Wave for an A-c Circuit Containing Only Inductance. 

Attention is called to the equal positive and negative power loops, i.e., four 
loops each cycle, two in which power passes from the source to the circuit 
and two in which the circuit returns power to the source. The average 
power in a circuit of this type is zero. 



Fig. 1-20. Power Wave for an A-c Circuit Containing Only Capacitance. 

Power in a circuit containing only capacitance is shown by Fig. 1-20. 
The phase angle is now a leading angle of 90°, and the average power is 
zero. 

The circuit (Fig. 1-21) contains resistance and inductance in such propor¬ 
tions as to give a lagging phase angle of 60°. Instantaneous values for 
plotting the power curve are obtained by multiplying corresponding instan- 
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taneous values of E and /. When its area is measured and divided by its 
length, the average height of the power curve is found to be one-half the 
product of the effective values of E and /. That is, the product of E and I 
must be multiplied by some factor to obtain the power, and in this case the 
factor is 0.5. 

The factor by which the volt-amperes of an a-c circuit must be multiplied 
to obtain the power is known as the power factor of the circuit. As the 
phase angle is increased from zero to 90° the algebraic sum of the plus and 
negative power loops grows smaller. At zero pliase angle (Fig. 1-18) there 
is no negative loop and the average power is X /. In this case the power 



Fig. 1-21. Powe^flfl^e for an A-c Circuit with Current Lagging Voltage by 60°. 


factor is unity. When tlie phase angle equals 90° (Figs. 1-19 and 1-20), the 
average power is zero, and the power factor is also zero. When the phase 
angle equals 60° (Fig. 1-21), the power factor is 0.5. In the cases illustrated, 
tlie power factor has equaled the cosine of the phase angle. This can be 
proved for any phase angle. Then the equation for power in an a-c circuit is: 


P — El cos d 


(1-24) 


where P is iIk' average power in watts, E the effective value of voltage, I 
the effective value of current, and 6 the phase angle. 

The product of E and I in an a~c circuit is known as the volt-amperes of the 
circuity and cos 6 is the power factor. Transposing the terms of equation 1-24 

Cos fl = P/EI (1-25) 


Problem 1-40: /mo* equals 20 amp and lags Emax by 45°. Emax equals 25 volts. 
Construct sine waves of voltage and current and determine points on the power 
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wave by multiplying corresponding instantaneous values of E and /. Measure the 
area under the power curve and determine its average height. Check the value 
obtained with ihai computed by use of equation 1-24. Suggestion: Use scales of 
1 inch = 10 amp, 1 inch = 10 volts, 1 inch = 100 watts, and 1/4 inch = 15®. Draw 
curves with the long side of the by 11-inch cross-section paper placed horizon¬ 
tally. Locate the centers of the sernicirclt^s for construction of voltage and current 
waves on the left grid, 2^ inches above the bottom grid. 

Problem 1-41: An ammeter, a voltmeter, and a wattmeter are inserted in the 
circuit of a single-phase induction motor and read 11 amperes, 230 volts, and 
1840 watts, (tt) Determine the power factor of the motor. (6) DcUirmine the 
phase angle between the current and voltage. 

Problem 1-42: A phase angle meter placed in an a-c circuit indi(;ates an angle 
of 47°. The circuit takes 670 watts. What are the volt-amperes of the circuit? 

25. Waves Other Than Sine Waves. The alternating voltage, current, 
and power waves discussed in this chapter have followed the sine law. 
Frequently, alternating voltage and current waves are distorted and contain 
harmonics which are waves of liigher frequencies. In g(;ncral, the methods 
that apply to sine waves will give sufficiently accurate results when applied 
to other wave forms. This is particularly true when the equivalent sine 
curve and equivalent phase angle are used. A-c ammeters and voltmeters 
read effective value regardh^ss of wave form, and the wattmeler reads aver¬ 
age power. The power factor is the wattage divided by effective volt- 
amperes, and the effective phase angle is taken as the angle whose cosine 
is the power factor. The value of this effective phase angle is tlu^ same as 
the actual pliasc angle when both current and voltage waves follow tlie sine 
law. The error in following this procedure is increased in capacitive circuits 
which tend to exaggerate harmonics. In inductive circuits which tend to 
suppress harmonics, the error is decreased. The discussions and problems 
which follow in this text are based upon the assumption that alternating- 
current quantities are of sine wave form. 

Questions 

1-1. State some of the reasons why alternating current is more generally used 
than direct current. 

1-2. How is the instantaneous value of a sine wave at any angle obtained when 
the maximum value is known? 

1-3. Define alternation, cycle, period, frecjuency. 

1-4. Discuss electrical and space-degrees. 

1-5. Explain how the average lu'ight of a sine wave may be obtained graphically. 

1-6. How is the altemating-curn^nt ampere defined? 

1-7. Explain how the rms value of a sine wave of current is obtained. 

1-8. What is the ratio between the average and maximum value of a sine wave? 
Between the effective and maximum value? 

1-9. When the a-c voltage applied to a motor is stated as 220 volts, what value 
of the voltage wave is to be understood? 



WAVES AND QUANTITIES 29 

1-10. Why does effective resistance differ from 4-c resistance? 

1-11. If the cross-section area of an iron core which is inserted in an inductively 
wound coil is increased, what effect does it have on the effective resistance of the 
coil? Why? 

1-12. What is impedance in an a-c circuit? 

1-13. How can a resistor be wound noniiiductively? 

1-14. Distin^^uisfi between time angle and phase angle. 

1-15. Explain why the current in an a-c circuit (X)ntaining only inductance 
lags the voltage by 90°. 

1-16. What is meant by the term “inductive reactance’’? How does it differ 
fnjin inductance; from the voltage of s(‘lf-indaction? 

1-17. Explain why the current in an a-c circuit containing only capacitance 
leads the voltage^ by 90°. 

1-ltt. What is iiK'ant by capacitive reactaiu;e? What is its symbol? 

1-19. State the e(|uation for dc^termining power in an a-c circuit. 

1-20. What is nu'ant by j)ower factor? What relationship does it have to the 
pliase angle? 

1-21. What is an angle of lag; an angle of lead? 

1-22. Explain tlie difference between volt-amperes and watts. 

Problems 

1-43. The averag(‘ value of a sine wave of voltage is 90 volts. What is its effective 
value? 

1-44. How long in seconds is required for a 50-eycle sine wave to pass from 
ztTO to its average value? 

1-45. How long in seconds is required for a 25-cycle wave to pass from its 
average value to its eflective value? 

1-46, The effective value of an alternating current is 200 amp. What is its 
instantaneous valiK* at the 30° instant? 

1-47. What is the period of t he wave produced by an 8-pt)le alternator which 
is driven at 600 rpni? 

1-48. A radio fre((u<‘ncy wav(‘ requires 1/1,000,000 sec to pass from a zero to 
a maximum value. What is tli(^ frequency of the wave? 

1-49. A rotating armature alternator has 21 poles. Through how many space- 
degrees must a conductor on its armature move in order for the wave form to pass 
from its average to its (4f(H‘tive value? 

1—50. How many space-degret^s per cycle does a c*onductor on the surface of a 
rotating armature alternator move if the raacliine has 16 poles and is generating 
25 cps? 

1-51. A coil of negligible resistance has an inductance of 0.25 henry. Plot a 
curve showing the variation of inductive reactance for this coil with frequencies 
of 20, 30, 40, 50, and 60 cycles applied to the coil. 

1-52. A coil is tested on a 120-volt, 60-cycle source, and draws 4.8 amp and 
160 watts. What is the effective resistance of the coil? 

1-53. A coil with an inductance of 0.35 himry is placed across a 25-cycle source. 
What is th(' effective value of counter-voltage induced in the coil when a current 
of 3-amp effective' value is [lowing? 

1-54. A coil with an inductance of 0.62 henry and ne*gligible resistance is placed 
across a 220-volt, 60-cycle source, (a) What is the reactance of the coil? (b) What 
current will flow in th(' coil? (c) What is the power required by the coil? 
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1-55. A coil of 600 turns is wound on a wooden ring with a cross-section diameter 
of 2 inches. The average length of the magnetic path through the ring is 30 inches, 
(a) What is the inductance of the coil? (6) What is the reactance of the coil on a 
60-cycle supply? 

1-56. A capacitor is connected across a 240-volt, 60-cycle source and draws 
4.2 amp. (a) What is the capacitive reactance? (b) Th(i capacitance? (c) What 
power is drawn by the capacitor? (d) What cuneiit would the capacitor draw 
on a 110-volt, 25-cycle source? 

1-57. Determine the inductive reactance of a coil having 0.2 henry inductance 
on 30 cycles; 40 cycles; 50 cycles. 

1-58. Determine the capacitive reactance of a 30-mfd capacitor on 30 cycles; 
40 cycles; 50 cycles. 

1-59. A single-phase alternator has a rating of 50 kva at a voltage of 240 volts, 
(a) What is the current rating of the macliiiie? (h) What kw will it supply at unity 
power factor? (c) What kw will it supply at a leading power factor of 90 per cent? 
(d) What kw will it supply at a lagging power factor of 60 jjer cent? 

1-60. A 50-kva transformer operating wi’thout load on the secondary takers 
3.14 amp at 2400 volts. The power taken by the primary is 1500 watts. What is 
the power factor of the transformer under this condition ? 

1-61. A wattmeter has a maximum voltage rating of 300, a maximum current 
rating of 5 amp and a wattage range of 1200 watts. The meter is used on a 230-volt 
source, (a) Without exceeding the ratings of the coils, what is the maximum 
wattage which can be read at unity power factor? (h) At 60 per cent power factor? 
(c) At 30 pcT cent power liic;tor? (d) If the meter were used to measure power 
supplied by a 220-volt source at a fK>wer factor of 50 per cent, what would be the 
percentage of overload on the (mrrent coil of the meter when it reads 1200 watts? 


Laboratoky Experiments 
Experiment 1-1 

l*urpose. To determine the differeiHX* between ohmic and effective resistance 
in circuits with and without iron cores. 

Procedure. 1. ('onnect the circuit as shown in Fig. 1-7. (tuition: Place the 
instruments on the test table at a distance from the coil so that stray magnetic 
fields will not aflect their indications. Place the iron core in tlie coil, insert all 
resistance, and apply 120 volts, 60-cycle, ac. Ileduce the value of series resistance 
as much as possible without exceeding the current ratings of the instruments and 
the equipment. Read instruments and record data. 

2. Insert all resistance and slowly remove the iron core, checking to see that the 
current docs not rise too high as the core is removed. Reduce resistance until the 
current is the same as in part 1. Read instruments and record data. If necessary 
to obtain accurate readings, use a voltmeter and wattmeter of lower voltage range. 

3. Disconnect the circuit from the a-c source, insert all resistance, and reconnect 
the circuit to the 120-volt d-c source. Replace the voltmeter and ammeter with d-c 
instruments. The wattmeter will not be required on direct current. Reduce 
resistance until the current is the same as in parts 1 and 2. Read instruments and 
record data. 

Report. 1. Submit a complete report (see Appendix A). 

2. Compute and n^x)rd the value of effective resistance obtained in |)art 1, the 



31 


WAVES AND QUANTITIES 

resistance obtained with alternating current in part 2, and the ohmic resistance 
obtained with direct current in part 3. 

3. Explain in the discussion of results, the reason for the difference between the 
effective resistance obtained in part 1 and the resistance with a-c voltage applied 
as obtained in part 2. Also, explain the reason why different values of voltage were 
required to establish the same value of current in parts 1, 2 and 3. 

Experiment 1-2 

Purpose. To determine the relationship between inductive reactance and 
frequency. 

Procedure. 1. Connect the apparatus as illustrated in Fig. 1-22. Caution: 
Locate the instruments so they will not be affected by stray magnetic fields. The 
variable frequency may be obtained from an alternator which is driven by an 
adjustable speed d-c motor. The limits of frequency should be from about 35 to 



Fig. 1-22. Circuit Diagram for Experiment 1-2. 

70 cps. The frequency may be measured directly with a frequency meter, or may 
be computed from the rpm and number of poles of the alternator. Insert resistance 
and apply 120 volts at the lower frequency limit to the circuit. Reduce resistance 
until the current rises to a value which will give a reading high on the sc^ale of the 
ammeter, but which will not exceed the current rating of the wattmeter or other 
equipment. Read and record data. 

2. Without making further adjustments of resistance, repeat part 1 for eight 
to ten values of frequency between the low and high limits. The magnitude of the 
voltage should be the same for all values of frequency. 

Report. 1 . Submit a complete report (see Appendix A). 

2. Compute and record on the data sheet for each value of frequency: cos 6, 6, 
Z, Reffy Xi,y and L. The value of Ax, is computed from the following equation which 
will be explained later in this text. 

3. Construct two graphs on the same sheet, using frequency as abscissa for both 
curves, inductive reactance as ordinate for one curve, and current as ordinate for 
the other curve. 
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4. In the discussion of rosull^s, state tlu* nJationsliip between the experimental 
findings and the theory given in ChapttT I. From a theoretical point of view should 
the value of L in this experiment have been constant? W as it constant? 

Experiment 1-3 

Purpose. To determine the relationsliip between capacitive reactance and 
frequency. 

Procedure. 1. Connect a capacitor across a 120- volt variable frequency source. 
Insert an ammeter in the circuit to read the charging (mrrent and a voltmeter to 
read the applied voltage. Energize the circuit with 120 volts at a frequency ol* 
about 70 cps, and check to see that the ammeter iKH'dle indicates high on llie scale. 
If not, replace the ammeUT with one of 1ow(t rang(‘. Read and record data. 

2. Rej)cat part 1 for eight or ten values of fre(|U(‘n(‘y between the higli limit and 
a low limit of about 35 cps. The magnitude of voltage should be constant for all 
readings. 

Report. 1. Submit a complete report (see Appendix A). 

2. Compute and record on the data sheet for eaidi value of frequtmey: Xc and C. 

3. Construct two graphs on the same sheet using frefjuenc.y as abscissa for both 
curves, capacitive reactance as the ordinate for one curve, and current as th(^ 
ordinate for the other curve. Use the same scales for abscissa and ordinati^s as used 
in experiment 1-2. 

4. In the discussion of results state the relationship between the experimental 
results and the theory contained in Chapter I. Should tlie curve plotted between 
Xc and/ be a straight line? Why? 



CHAPTER II 


VECTORS AND COMPLEX QUANTITIES 


1. Vectors. In Chapter I, elementaiy a-c circuit problems were solved 
graphically by developing sine waves of the quantities involved, and by 
adding, subtracting, or multiplying instantaneous values of these waves, 
as the case recjuired, to obtain the resultant wave. This method of dealing 
with sine-wave quantities is tedious and laborious, and is seddom used except 
to prepare the student for a clearer understanding of more practical 
metJiods. These more practical methods of solving a-c circuit problems 
have as their bases the repn‘sentation of alternating current and voltage by 
vectors, A vec tor is a line drawn to scale with an arrow head placed on one 
(Mid to indicate direction. Thus, a vector quantity has both magnitude 
and direction as contrasted with a scalar quantity which has only magni¬ 
tude. TempcMature, area, and volume are scalar ciuantities since they 
have only magnitude, but force, motion, voltage, current, and the like 
are vector quantitit\s since they have direction as well as magnitude. The 



Fig. 2-1. Waves and V<Ttors of Two Alternating Voltages Displaced 6 Time- 
Degrees from One Another. 
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magnitude of a vector quantity is represented by the length of the vector, 
and the direction in which the vector quantity acts is indicated by the direc¬ 
tion of the arrow. Vector quantities are generally denoted by placing dots 
under their symbols, i.e., I is read as the vector /, and E as the vector E, 



2. Vector Representation of Alternating Currents and Voltages. 
Alternating-current and voltage vectors are referred to a coordinate plane, 
which represents 360 electrical time-degrees. By agreement, counterclock- 


Fig. 



2-3. Waves and Vectors of Alternating Current and Voltage in a Circuit 
Containing Only Inductance. 


wise rotation of vectors is taken as positive and clockwise rotation as negative. 
The horizontal axis extending to the right of the intersection of horizontal 
and vertical axes is taken as the reference axis, and current and voltage 
vectors are referred to this position. 
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The vectors and sine waves of two voltages of the same frequency are 
shown in Fig. 2-1. E2 has one-half the magnitude of E\ and lags Ei by B de¬ 
grees. If the instantaneous values of E\ arc plotted with the electrical 



Fig. 2-4. Waves and Vectors of Alternating Current and Voltage in a Circuit 
Containing Only Capacitance. 


time-degrees of tlie wave coinciding with the electrical time-degrees of 
the coordinate plane, the equation for the sine wave Ei will be, 

Cl = Eirnax SlH 0)t 


Now the sine wave E2 passes through its zero value B degrees after Ei 
passes through the corresponding value, and if the same time axis is to be 
used for both waves, the 
equation of E 2 will have 
to be, 






€2 = E 2 max sin (cot — B) 

For any instantaneous 
value of Eu the corre¬ 
sponding instantaneous 
value of E 2 lies B degrees 
behind, and the magni¬ 
tude of any instantane¬ 
ous value of E 2 is one- 
half the magnitude of 
the corresponding instantaneous value of Ei. Thus, Ei (Fig. 2-1) is a symbol 
of the sine wave Eu and Ei is the symbol of a second sine wave which has the 
same frequency and one-half the magnitude of Eu and which lags Ei by B 
degrees. 


Fig. 2- 


Circuit and Vector Diagrams of Two Coils 
Connected in Series. 
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Fig. 2-6. Circuit and Vector Diagrams of a Parallel 
Circuit. 



In Fig. 2-1, El and E 2 represent the maximum values of the waves. They 
could just as well have represented any two corresponding instantaneous 
values. When a vector is used to represent a sine-wave quantity it is cus¬ 
tomary to allow its length to represent the effective value of the wave. 

3. Vector Diagrams of A-c Series and Parallel Circuits. The 
current in a series circuit is common to all parts of the circuit. Hence, it 

is customary to plot the 
current in a scries circuit 
along the reference axis. 
The various voltage 
drops are referred to the 
current. The common 
quantity for the parallel 
circuit is the voltage 
across the parallel 
branches. Thus, in a 
parallel circuit it is cus¬ 
tomary to plot tlie voltage along the horizontal positive axis, and the 
various branch currents are referred to the voltage. 

Fig. 2-2 shows the sine waves and corresponding vector diagram for an 
a-c circuit containing only resistance. Since current and voltage are in 
phase in this type of circuit, both E and I 
coincide vilh I he reference axis. The 
lengths of tlie vectors represent to scab* th(' 
effective values of current and voltage, 

although the scale used for current may “‘'/z 

differ from tlu' scale for voltage. 

Fig. 2-3 shows the sine waves and cor¬ 
responding diagrams for an a-c circuit con¬ 
taining only inductance. In (6) the current 
vector is plotted along the reference axis, 
and in (c) the voltage is used as reference. 

The current lags the voltage by 90° in this 



Fig. 2-7. Vector Sum, Paral¬ 
lelogram Method. 


type of circuit, hence the current vector is drawn 90° in a clockwise or 
negative direction from the voltage vector. Fig. 2-4 shows the vector 
diagrams for an a-c circuit containing only capacitance. The current now 
leads the voltage by 90°, and hence the current vector is drawn 90° in a 
counterclockwise or positive direction from the voltage vector. 

Fig. 2-5 gives the circuit and vector diagrams for a series circuit contain¬ 
ing two coils, each having inductance and resistance. The current I lags 
the voltage across the first coil Ei by 75°, and lags the voltage across the 
second coil E 2 by 15°. Since the same current flows in both coils, the cir- 
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cuit being in series, tiie current vector is drawn at the zero angle for refer¬ 
ence. El is then plotted 75® ahead of the current, and 15® ahead. ’ 
Branch one of the parallel circuit (Fig. 2-6) contains resistance and 
capacitance in such ratio as to cause Ii to lead E by 30®. Branch two con¬ 
tains resistance and inductance, and h lags 
E by 45®. E is plotted along the reference 
axis. 

4. Graphical Methods of Determin¬ 
ing Vector Sum and Difference. The 
sum of twQ vectors may be obtained 
graphically by the parallelogram method 
as shown in Fig. 2-7. A broken line 
parallel and equal in length to Ii is 
drawn from the tip of / 2 , and a second broken line parallel and equal 
in length to h is drawn from tlie tip of /i. These broken lines together with 



Fig. 2-8. Vector Sum, Triangle 
Method. 





Fig. 2-9. Vector Differeiic 
allclograin Method. 


the vectors I\ and h form a parallelo¬ 
gram. The diagonal drawn from the 
origin to the point where the two broken 
lines intersect is the vector sum of 
1 1 and Ii. The vector sum of h and I 2 
may also be obtained graphically by a 
triangle diagram as illustrated in Fig. 
2-8. In this case the origin of vector h is 
located at the end of Ii. The vector 
from the origin of Ii to the end of h is 
the vector sum of Ii and h. The volt¬ 
age vector is placed in the diagrams as 
a reference about which the current 


vectors are plotted. 

The angles shown are the phase angles between the 
various currents and the voltage. 

The difference of two vectors is obtained graphi¬ 
cally as shown by the parallelogram method in Fig. 2-9. 

The vector h is reversed to give — I 2 and this value is 
added to h to give the vector difference of /i and h- 
To obtain vector difference by the triangle method 
(Fig. ^10), 1 1 and 1 2 are plotted with their origins 
at the same point. A vector drawn from the end 
of I 2 to the end of 7i will be the difference of Ji and I 2 * 

By using the parallelogram diagram for vector sum 
and the triangle diagram for vector difference (Fig. 2-11), it is apparent 
that the diagonal of the parallelogram which intersects the angle between 



Fig. 2-10. Vector 
Difference, Triangle 
Method. 
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two vectors is their vector sum, €uid the diagonal of the parallelogram 


opposite the angle between the two vectors is their vector difference. 



Fig. 2-11. Vector Sum and Differ¬ 


ence. 


Example 2-1: An a-c series circuit 
contains a noninductive resistor, a capac¬ 
itor, and a coil having both resistance 
and inductance. The voltage Ei across 
the resistor is 40 volts, E 2 across the 
capacitor 80 volts, and E^ across the 
coil 60 volts. The current lags the volt¬ 
age across the coil by 45®., Determine 
the voltage across the circuit, and the 
angle between the line current and line 
voltage. 


Solution. The current vector is plotted to a convenient length along 


the reference axis. Ei, E 2 and Ez are plotted to a scale of 1 inch = 60 
volts. El and E 2 are added to give En and this in turn is added to Ez to 
give the total voltage E. Fig. 2-12 shows both the parallelogram and the 
polygon diagrams for this problem. The value of E to scale is 90.7 volts, 


and B is 24° 30'. Ans. 



(a) Parallelogram Method. (6) Polygon Method. 


Fig. 2-12. Diagrams for Example 2-1. 


Example 2-2: An a-c parallel circuit having three branches contains 
resistance in branch one, inductance in branch two, and capacitance in 
branch tliree. /i equals 30 amp, I 2 equals 25 amp, and h equals 15 amp. 
Determine the line current and the angle between line current and line 
voltage. 

Solution. The vector diagram (Fig. 2-13) illustrates the solution of this 
problem. Since this is a parallel circuit with several currents, the voltage E 
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across the parallel circuit is plotted along the reference axis, /i, h and Iz 
are plotted to a scale of 1 inch = 20 amp. I 2 and h are added to give hz, 
and this value is then added to /i to give the total current /. The value of / 
to scale is 31.6 amp, and B is 18° 26'. Am. 





Fig. 2-13. Vector Diagram for Example 2-2. 

Example 2-3: A coil having 0.5 lagging power factor is connected in 
scries with a resistor across a 110-volt a-c source. The voltage across the 
coil is 76 volts and the power factor of the entire circuit is 0.8 lag. What is 
the voltage across the resistor? 

Solution. Fig. 2-14 shows the solution to this problem. Since this is a 
series circuit, the current vector is plotted along the reference axis. The 
phase angle of the coil is an angle whose cosine is 0.5, i.e., 61 = 60°, and the 
phase angle of the entire circuit is an angle whose cosine is 0.8, i.e., 6 = 
36° 52'. The voltage across the circuit E, and the voltage across the coil Ei 
are plotted to a scale of 1 inch = 60 volts. Then E 2 , the voltage across the 
resistor, is the vector difference of E and Ei. E 2 equals 50 volts to 
scale. Am. 



Fig. 2-14. Vector Diagram for Example 2-3. 
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Problem 2-1: A series circuit contains a noninductive resistor, a reactor of 
negligible resistance, and a capacitor. When connected across an a-c source the 
voltage across the resistor is 80 volts, across the reactor 100 volts, and across the 
capacitor 160 volts. Draw the vector diagram of this circuit, using a scale of 
1 inch = 80 volts. The current vector should be drawn along the reference axis 
and may be any convenient length. 

Problem 2-2: Determine graphically the value of the voltage across the series cir¬ 
cuit, problem 2-1. Also, determine the phase angle between line voltage and current. 

Problem 2-3: Three a-c circuits arc connected in parallel. Circuit 1 draws 
12 amp and has a lagging power factor of 0.8. Circuit 2 draws 8 amp at 0.6 leading 
power factor. Circuit 3 draws 10 amp at 0.3 lagging power factor. Draw the 
vector diagram of tiie circuit using a scale of 1 inc^h = 8 amp. The vector of voltage 
across the parallel ( ircuit should be along the reference axis and may be any con¬ 
venient length. 

Problem 2-4: Determine graphically the line current in problem 2-3. Also, 
determine the phase angle between line current and the voltage across the parallel 
circuit. 

Problem 2-5: Two voltages arc 60® apart and eac^h is equal to 50 volts, (a) What 
is their vector sum? (6) What is their vector diffcTcncc? 

Problem 2-6: Two voltages E\ and are 120° apart and each equals 100 volts, 
(a) What is the vector sum of the two voltages? (6) What is their vector difference? 

Problem 2-7: A coil having both inductance and resistance is placed in scries 
with a resistance across a 220-volt a-c source. The power factor of the coil is 
75 per c(‘nt lagging, and it is desired to limit the voltage across the coil to 150 volts, 
(a) Det(Tmine the voltage across the resistor. (6) Determine the power factor of 
the circuit. Suggestion: Plot the coil voltage to a selected scale at its correct angle. 
From tlie end of the coil voltage draw a horizontal line to the right. With the 
origin of the diiigram as a center, and a radius of 220 volts to scale, strike an arc 
which intersects the horizontal line. A vector from the origin to this intersection 
will represent ihv line voltage. A vector plotted horizontally from the origin to the 
right, and equal to the length of the horizontal line from the end of tlu^ coil voltage 
vector to the intersection, represents the voltage across the resistor. 

Problem 2-8: A coil having a lagging 
I = 40 /60" I>^>wer factor of 90 per cent, and drawing 

' ^ 7.5 amp, is connected in parallel with a 

capacitor across an a-c source. De^termine 
graphically the current which must flow in 
the branch containing the capac’itor to cause 
the line current to be in phase with the volt¬ 
age across the parallel circuit. 

5. Vectors in Polar Coordinates. 
Vectors which lie in the coordinate plane 
may be defined by their magnitude and 
the angle which they make wi th the ref¬ 
erence axis (horizontal positive). Vec¬ 
tors defined in this manner are referred 
to as polar vectors. The magnitude of a polar vector is known as the 
modulus, and the direction angle as the argument The modulus and argu- 
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Fig. 2-15. 

Polar Vector. 
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ment of a polar vector are not a product, and, therefore, should not be 
treated as a product. 

Multiplication, division, and many other mathematical operations Inay 
be carried out in a simple manner by use of polar vectors. However, to add 
or subtract, polar vectors must first be changed 
to rectangular vectors. 

In Fig. 2-15 the polar vector E/j^ is given 
as 40/60°, i.e., the vector has a modulus of 
40 volts and lies in the first quadrant, 
making a positive angle of 60° witli the 


J /e+4> 

X 




_ 

_L_ 


Fig. 2-16. 


Rotation of a Polar 
Vector. 


reference axis. E/0 also equals £^\360 — 0 , 
i.e., 40 /60° is the same as 40\300°. The 

symbol /_indicates positive displacement, and \ negative displacement. 

To rotate a polar vector through an 
angle simply requires that the angle of 
displacement be added to the argument of 
the vector. The modulus will remain the 
same. That is, //^ rotated through <t> de¬ 
grees equals I /O + 0 (Fig. 2-16). A polar 
vector may be reversed by rotating the 
vector through ± 180°. Let it be required 
to reverse the polar vector 50 /135 °. Then, 
as shown in Fig. 2-17, 

- (50 /135° ) = 50 /135° + 180° = 50 /315° 
or 

~ (5 0/135° ) = 50 /135° - 180° = 50\45®" 



Fig. 2-17. Reversing a Polar 
Vector. 


Problem 2-9; Rotate the following polar vectors: (a) 2 2/74° through /150° ; 
[h) 12 8/30° 40 ^ through \62^'; (r) 14\44^' through /120 °; {d) 3.24\98° 3^ 
through \r8° 2^17. 

Problem 2-10; Reverse the following polar vectors: 

(a) 0.065^4^; (6) 2.84 /38° 16^ (c) 12.4\i;34° 32'; (d) 68.4/1 48° 26' 


6. Vectors in Rectangular Coordinates. A vec-tor which is defined 
m terms of its horizontal and vertical components (rectangular coordinates) 
usually is referred to as a rectangular vector. That is, the vector is stated as a 
binomial or complex quantity, with the horizontal component as the first 
term and the vertical component as the second. The quadrant in which the 
vector lies is defined by the signs which precede the components. A rec¬ 
tangular vector having + H and + V components would lie in the first 
quadrant; — H and + V in the second; — H and — V in the third; and 
+ H and — F in the fourth. The vertical component is distinguished from 
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the horizontal component by use of the symbol j which is called a complex 
operator. The vector / (Fig. 2-18) expressed as a rectangular vector would 
be 

’ I = lH+jIv ( 2 - 1 ) 


7. The Operator of Complex Algebra. The vector I (Fig. 2-19) lies 
along the reference axis. If we multiply / by — 1, we have — / which lies 

along the horizontal axis to the left. By operat¬ 
ing on I with the value — 1 we have caused the 
vector to rotate through 180^ . The value — 1 
has two equal factors: V—TV— 1; tliere fore, 
b y ope rating on I with the two factors V— 1 

V — T we would likewise cause the vector to 
rotate through a positive angle of 180°. Now if I 
is oper ated on by one of the equal factors, 

V — the vector would be rotated throu gh 9 0° 
in a counterclockwise direction; i.e., V— 1 I 

Fig. 2-18. Vector in Rcc- jje along the positi ve ve rtical axis. The 

tangular Coordinates. _ j (_ V3T)(-V- 1), and 

by operating on I with these factors the vector would be rotated through 



with one of these factors, 
^jl 




+180 

\ 


-/ / 




+ 90 \ 

-i-M. 


a n egativ e angle of 180°. Operating on I 

— V— 1, would cause the vector to 

rotate 90° in a clockwise direction. That 
is, — V— 1 1 would lie along the negative 
vertical axis. _ 

The value V— 1, which causes a vec¬ 
tor to rotate counterclockwise through 
90°, is known as an operator. In mathe¬ 
matics this operator is usually denoted 
by the symbol i, but in electrical en¬ 
gineering the symbol j is used to prevent 
confusion with the symbol of current. 

Likewise, — V— 1 is represented by 

— /, and causes a vector to rotate 90° ^ . 

m a clockwise direction. Fig. 2-20 shows ± ; and ± /. 

a rectangular vector in e a ch qu adrant. 

The operators V — 1V — 1 and ( —V— 1)( —V— 1) cause rotation 
through 180° and are represented by the operator that is, equals — 1. 
Then 

( 2 - 2 ) 

and 


-90" / 

f. 

-180 

/ 

y 


-Jl 


JH-i) =-// = / 


(2-3) 
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Fig. 2-20. Vectors in the Four Quadrants Expressed in Rectangular Coordinates. 


A rectangular vector may be reversed by multiplying by 
Fig. 2-21 


Then 


I = //f + y /v 




1. In 


180 ° 




'h / 








The plane in which rectangular vectors lie is known as the complex plane. 
The horizontal axis of the complex plane is called the axis of reals, and the 
vertical axis the axis of imaginaries. 

Example 2-4: (a) Reverse the rec¬ 
tangular vector 8~y6; (6) Express 

48 + y 30 — y216 as a rectangular vector. 

Solution. 

(а) / = 8 — y 6 
— / = — 8 + y 6 Arts. 

(б) Substituting for — y^ 16 its value 
+ 16 and simplifying, we have 

48 + y 30 + 16 = 64 + y 30 Ans. 


•k-JIy 

I 

1 

I_ 


Fig. 2-21. Reversing a Vector 
Problem 2-11: Reverse the foUowmg; Expressed in Rectangular Co- 
(a) - 24-h y 11; (6) 18 - y 32; (c) - 86.6 - y 50. ordinates. 

Problem 2-12: Express the following as 
rectangular vectors: (a) 15 -f* j 54 -f 48; (6) — 54 -|- y 1 8 + y* 12; (c) 33 — j 9 + / 17. 


8. Relation Between Vectors Expressed in Rectangular and Polar 
Coordinates. A vector in polar form may be changed to rectangular form 
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as shown in Fig. 2-22. The equation for changing from polar to rectangu¬ 
lar form is 



Fig. 2-22. Vector Changed from Polar Fig. 2-23. Vector Changed from Rec¬ 
to Rectangular Form. tangular to Polar P^orm. 


The rectangular vector I a + j ly (Fig. 2-23) may be expressed in polar 
form as follows: 

Ih + y f V ~h /^ K/tan~* ly/In (2-5) 

Example 2-5: Express the following polar vectors as rectangular vectors: 
(o) 220 /120°; ( 6 ) 3.2\33'’ 18'; (c) 440^150^ 

Solution. 

(a) 220 / 120 ° = 220 (cos 120 °) + j 220 (sin 120 °) 

= -110-fy 190.52 Ans. 

(b) 3.2\33° 18' = 3.2 cos (- 33° 18') -f y 3.2 sin (- 33° 18') 

= 2.675 - y 1.757 Am. 

(c) 440^(l5r = 440 cos (- 150°) -f- y 440 sin (- 150°) 

= - 379.94 -y 220 Am. 

Example 2 - 6 : Change the following rectangular vectors to polar vectors: 
(o) -25-|-y25; (b) -20-y 40; (c) 50-y]5. 

Solution. 

(а) - 25 -f y 25 = V(- 25)= -f 25Vtan-» 25/- 25 

= 35.35 /1.35° Am. 

( б ) - 20 -y40 = V(- 20)2 + (-40)Vtan-‘ _ 40 /_ 30 

= 44. 7/243° 26' Am. 

= 44.7\116° 34^ :4ns. 

(c) 50 - y 15 == v'502 -f (- 15)Vtan-i - 15/50 

= 52.1 /.343° 18' 

= 52.1\16° 42' 


Am. 

Am. 
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Problem 2-13: Express the following as rectangular vectors: (a) 18\34® 15^ 
(6) 4,6 5/24** 12^ ; (c) 2300Xl20^. 

Problem 2-14: Express the following as polar vectors: (a) — 62.5 — yi6.8; 
(6) 0.0024 - j 0.0016; (c) - 172 + j 84. 

9. Addition and Subtraction of Vectors, Polar vectors must first 
be changed to rectangular vectors before they can be added or subtracted. 
Rectangular vectors are added or subtracted according to the rules of 
algebra. 

Example 2-7: Add the three voltages 60+^20; — 50+^30; and 
- 40 - j 70. 

Solution. See Fig. 2-24. 

60+y20 

~ 50+i30 
- 40 - J 70 

~ 30 — j 20 Arts. 



Fig. 2-21. Vector Diagram for Example 2-7. 


Expressed in polar coordinates, 

E/0 = V(- 30)^ + (- 20) Vtan~^ - 20/- 30 

= 36.1\146° 18' Arts. 

Example 2-8: Subtract /i = 1 2/4.5° amp from h = 20\30° amp. 

Solution. See Fig. 2-25. 

1 2/45° = 12 (cos 45° -j- j sin 45°) = 8.48 + j 8.48 
20W = 20 (cos 30° - j sin 30°) = 17.32 - j 10 
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/.-12Z15I 



Fij?. 2-25. Vector Diagram for Example 2-8. 


To subtract, change the sign and add: 

17.32 -jlO 
- 8.48 - j 8.48 
8.84 - j 18.48 

Expressed in polar coordinates, 

1/6 = + (- 18.48)Vtan-i _ 18.48/8.84 

= 20.46\64° 26' Am. 

Example 2-9; A coil is placed in series with a single-phase motor to 
reduce the voltage across the motor terminals. The voltage across both 
motor and coil is 130 /45° while that across the motor alone is 9 0/30° . 
Determine the voltage across the coil. 

Solution. See Fig. 2-26. The voltage across the coil equals the voltage 
across the line minus the voltage across the motor. The polar vectors must 
be changed to rectangular vectors. 

130/45° = 130 (cos 45° -f- j sin 45°) 

= 91.9 + j 91.9 volts 
9 0/30° = 90 (cos 30° + j sin 30°) 

= 78 + y 45 volts 
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To subtxact, change signs and add: 

91.9+i 91.9 
- 78.0-7 45.0 
13.9 +i46.9 

coll voltage = 48.9 /73° 29' volts A ns. 


13Q/45^ 



Problem 2-15: Add — 75 + J 25 and 35 ~ j 48. Express the answer in polar 
form. 

Problem 2-16: Subtract 64\l 8° from 13 6/128° and express answer in polar form 

Problem 2-17: Add 28 /15° to 43^144° and express answer in polar form. 

Problem 2-18: Subtract —44-1“ y 16 from 216 — J 64 and express answer in 
polar form. 

Problem An a-c parallel circuit contains three branches. The current in 
branch one is 8.5\28° amp; in branch two 4. 8/16° amp; and in branch three 
5.3\64° amp. Determine the line current and express it in polar coordinates. 

Problem 2-20: A resistor, a coil having both resistance and inductance, and a 
capacitor are connected in scries across an a-c source. The voltage across 
the resistor is 36/0° volts; across the coil 4 3/58° volts; and across the capacitor 
94\90° volts. Determine the voltage applied to the scries circuit and express the 
answer in polar coordinates. 

Problem 2-21: A parallel circuit has two branches. The line current is 
24.2\l7° 14' amp; and the current in branch one is 14.7\54° 26' amp. Determine 
the current in branch two and express the answer in polar coordinates. 

10. Multiplication of Vectors. The product of two polar vectors 
equals the product of their moduli and the sum of their arguments. 

Example 2-10: Multiply 8/30° by 6\40* 

Solution. 8 /30° • 6 \W = (8 X 6) /3Q° ■+ (- 40°) 

- 48\T0^ 


Ans. 
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The product of two rectangular vectors is obtained according to the rules 
of algebra. 

Example 2-11: Multiply 12+^6 and 8 — j 3. 

Solution. 

12+j 6 
8 - j 3 
96+y48 

-./36-/18 
96 +yi2 -/18 

Substituting for — / 18 its value + 18, we have, 

Il4+yi2 Ans. 

Problem 2 - 22 : Multiply (a) 7/150° and 5/30° ; ( 6 ) 24.2\T4()° and 16. 7/34°; 
(c) 11 0/120° and 8/84° . 

Problem 2-23; Multiply (a) 9-/4 and 6+ jl; (b) — 8 + j3 and 6 — j 5; 
(c) - 14 - y 11 and 12 - J 16. 


11 . Division of Vectors. The quotient of two polar vectors equals the 
quotient of their moduli and the difference of their arguments. 

Example 2-12: Divide 240 /120° by 20/40°. 

Solution. ^20/y 12 /120° - 40° = 12/802 Ans. 

The quotient of two rectangular vectors is determined by the principle 
of rationalization in algebra as illustrated in the following case. 

Example 2-13: Divide 36 + j 12 by 8—^4. 

Solution. Write the problem in fractional form: 

36+yi2 

8 

Rationalize by multiplying both numerator and denominator of the 
fraction by the denominator with the sign preceding the second term 
changed, i.e., by the conjugate of the denominator. In this case the conju¬ 
gate of the denominator is 8 + y 4. Then, 


36 + 7 12 .8 +JJ ^ 288 + y 240 + yM 8 
'8-y4 8 +} 4 64 -y216 


Substituting for + y- 48 its value — 48, and for — y^ 16 its value + 16 and 
simplifying, we have 


240 + y 240 
80 


3+y3 


Ans, 


Example 2-14: Resistance and inductance are connected in series across 
a 120-volt a-c source. The current in the circuit lags the voltage by 36° 52' 
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and equals 5 amp. Determine the impedance of the circuit. A^ofe;Thea-c 
series circuit will be treated in more detail in Chapter III. This example, 
together with problem 2-26, is offered to illustrate the need for multiplica¬ 
tion and division of vectors. 

Solution. Impedance equals voltage divided by current. With current 
along the axis of reals, the voltage will lie in the first quadrant 36° 52' ahead 
of the current. 


zii = 


Ell_ _ 120/36° 52' 
77 ^ 5 / 0 ^ 

= 24/36° 52' 


= 24/36° 52' - 0 ° 


Am. 


Alternate Solution by Rectangular Vectors. Expressing the polar 
vector E/ji in rectangular coordinates, we have, 


120 /36° 52' = 120 (cos 36° 52' + 7 sin 36° 52') 

= 96 + j 72 volts 

= 19.2 + j 14.4 ohms 
5 +y 0 _ 

Zll = \/l9.22 + 14.4 Vtan-^ 14.4/19.2 

= 24 /36° 52' ohms Am. 


Impedance although expressed as a vector quantity is actually not a 
vector, but a complex operator which resolves the voltage into its resistive 
and reactive components. With current plotted on the axis of reals the 
voltage expressed as a rectangular vector would be: 

ZI^RI±j{XI) (2-6) 

Dividing by the current, we have 

Z = R±jX (2-7) 

The sign of the operator j which precedes the reactance or reactive voltage is 
positive when the circuit is inductive, and negative when the circuit is capacitive. 

Problem 2-24: Divide (a) 110\T^ by 4^1^; (6) 440/30^ by 20^. 

Problem 2-25; Divide (a) 28 + y 14 by 8 — j 6; (6) — 22 — y 12 by — 4 + y 2. 
Problem 2-26; The current in an a-c series circuit leads the voltage by 22°, 
and has a magnitude of 2.68 amp with 240 volts impressed across the circuit. 
Determine the impedance, resistance, and reactance of the circuit. 


12 . Tlie Reciprocals of Vectors. The reciprocal of a polar vector is 
obtained by assuming a numerator of one along the axis of reals and dividing 
hy the vector whose reciprocal is required. 

Example 2-15: Determine the reciprocal of 8 /50° . 


1 / 0 ^ 


o 


0.125 /0° - 50° = 0.125\5F 


Am. 


Solution. 


8/50’ 
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The reciprocal of a rectangular vector is obtained by dividing the vector 
into one. 

Example 2-16: Determine the reciprocal of 5 — j 4. 

Solution. Rationalizing, we have 

1 5+j4 _ 5+i4 

5-j4 5+y4 25 -/16 

= = 0.122 + j 0.0976 Ans. 

41 

The reciprocal of a vector is often applied in the solution of a-c parallel 
circuits. The pressure across the parallel circuit is assumed as one volt. 
The branch current will then become the reciprocal of the branch imped¬ 
ance. The a-c parallel circuit will be treated in more detail in Chapter III. 
Example 2-17, and problem 2-29, are given here merely to illustrate the 
application of vector reciprocals. 

Example 2-17: An a-c parallel circuit contains two branches. Branch 
one contains 5 ohms resistance and 10 ohms capacitive reactance, while 
branch two consists of 2 ohms resistance and 6 ohms inductive reactance. 
Determine the line current per volt. 

Solution. 

Zi = 5 — j 10 ohm 

j _ 1 _ 

Zi 5-yio 

1 5+ilO _ 5+jlO 
5-yiO 5+yiO 125 
= 0.04 + j 0.08 amp 
Zt = 2 +j6 ohm 

1 = 1 = 1 
• Zt 2 +j6 

_ 1 2 — j 6 _ 2 — j 6 

2 j 6 2 — j 6 40 

= 0.05 — j 0.15 amp 

r = Ii + 0.04 + j 0.08 + 0.05 - j 0.15 

= 0.09 — j 0.07 amp 

I/e = V(0.09)’‘ + (- 0.07) Vtan-» - 0.07/0.09 

iSfi = 0.1062\37° 54' amp Ans. 

Problem 2-27 s Detennine the reciprocal of (a) 12.4 /48° ; ( 6 ) 6.8\34°20'; 
(c) 19.3\132° 35'. 

Problem 2-28; Determine the reciprocal of (o) 8-1-/2; (6) — 16 — j22; 
(c)-4.2+j 6.5. 

Problem 2-29; An a-c parallel circuit has 12/45° ohms impedance in branch one, 
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and 6\60® ohms impedance in branch two. Determine the current per volt in the 

line. 

13. Powers and Roots of Vectors. Polar vectors are used in problems 
involving powers and roots of vectors. A polar vector raised to the nth 
power equals the nth power of the modulus, and the product of n and the 
argument. 

(I/ey = I-/jW ( 2 - 8 ) 

The nth root of a polar vector equals the nth root of the modulus, and 
the quotient of the argument and n. 

VT/e = ^l/e/n (2-9) 

Example 2-18: Determine the value of (a) (3 /50°) ^; (b) V 64 /150°. 

Solution. 

(a) = 3 V4 X 50° 

= 81 /200- Arts. 

(b) ' V64/15()° = V M/150/2 

= 8 /^ Ans. 

Problem 2-30: Dctennine the value of (o) ( 6/25°) ^; ( 6 ) (r) 20.2 5/54° . 

Problem 2-31: Determine the value of (a) (8/45°)^ ( 6 ) (3^1^)^ (c) V27^150®. 


14. Displacement of Vectors. Article 4 explained the method of dis¬ 
placing a polar vector. That is, to rotate //i9 through the angle (f>, we have 


merely to add the angle <l> to the 
argument. This is equivalent to 
multiplying //^ by l /(t> , 

//g- 1/0 == //g + 0 (2-10) 

Although a more tedious com¬ 
putation, a rectangular vector may 
also be rotated. Let it be required 
to rotate the rectangular vector 
I (cos 6 +j sin 6) through the angle 
0 (Fig. 2-27). The resultant vector 
will be expressed in rectangular 
form as 



/[cos (^ + 0) + y sin (d + 0)] 

Expanding cos (9 -f- 0) and sin 
(9 + 0) gives 


Fig. 2-27. Rotation of a Vector Expressed 
in Rectamgular Coordinates. 


/[cos ^ cos 0 — sin 0 sin 0 -f j sin ^ cos 0 + j cos 9 sin 0 ] 
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Rewriting with + p sin B sin <f> substituted for its equivalent —sin 6 sin 0 
to obtain a simple form of expression: 

/[cos ^ cos 0 + / sin 6 sin <t> + j sin ^ cos 0 + j cos $ sin 0 ] 
Regrouping and simplifying: 

/[cos 0 (cos 6 + j sin 6) + j sin 0 (cos 6 + j sin ^)] 

/ (cos B +j sin 0 ) (cos 0 + i sin 0 ) ( 2 - 11 ) 

Thus to rotate a rectangular vector through an angle 0 , simply multiply the 
vector by (cos <t> + j sin 0 ). 

Example 2-19: Rotate 8 — y 4 through 120°. 

Solution. 

(8 - j 4) (cos 120° + j sin 120°) 

= (8-y4)(-0.5+y0.866) 

= - 4 +y2 +y6.928 3.464 

= - 0.536 +7*8.928 Ans. 

Problem 2-32: Rotate (a) 1264\l65° through — 32®; (h) 9.6 + 7*7.8 thiough 
150®; (c) - 215 - j 144 through - 75®. 

Problem 2-33: Rotate (a) 32\l40® through 160®; (6) - 46 + >28 through 68®; 
(c) 4.2 — 7 3.5 through — 24® 16'. 

Laboratory Experiments 
Experiment 2-1 

Purpose. 1. To construct the vector diagram of an a-c series circuit from 
experimental data. 

2. To add the voltages across the parts of an a-c series circuit graphically to 
obtain the impressed voltage, and to check the value obtained with the measured 
value. 



Fig. 2-28. Diagram for Experiment 2-1. 


Procedure. Connect a reactor, a rheostat, and a capacitor as shown in Fig. 2-28. 
Adjust the rheostat so as to limit the current to a value which does not exceed the 
rating of the instruments or the apparatus. Check the voltages Ei. E 2 , andfi. Use 
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a voltmeter that will read at least twice line voltage as the values of E 2 and may 
exceed the impressed voltage. A lower range voltmeter may be used if the first 
check indicates that this may be done with safety. Read and record: E, /, Pi Ex, 
Pi, E2, P2, and Es. The wattmeter potential coil will have to be shifted to ob to 
obtain Pi, and to be to measure P 2 . P 3 may be assumed to equal zero. This fact 
may be checked by shifting the wattmeter potential coil to cd. 

Report. 1. Using the values o^E, I, and P, compute 0, the phase angle between 
the current and the line voltage. Record the value of this angle on the data sheet. 

2 . Using E 2 ,1, and P 2 , compute and record $ 2 , the phase angle between current 
and £' 2 . 

3. Using current as a reference, plot vectors for Ei, E2, and E 3 to scale. Add 
these graphically to obtain E and e. Record the values of E and e thus obtained and 
compare them with the measured value of E and the value of e computed from 
readings. 

4. Submit the data sheet and the vector diagram, together with a summary of 
the results wliich were obtained. 


Experiment 2-2 

Purpose. 1. To construc^t a vector diagram of an a-c parallel circuit from 
experimental data. 

2 . To add the branch currents grapliically to obtain the line current, and to 
check the value obtained with the measured value. 



Eig. 2-29. Diagram for Experiment 2 - 2 . 


Procedure. 1. Connect a rluiostat, a reactor, and a capacitor as shown in 
Fig. 2-29. Open switches 2 and 3, and close switch 1 . Energize the circuit and 
read E, /, and W. Record the readings. 

2 . Deenergize the circuit. Open switches 1 and 3, and close switch 2 . Energize 
the circuit, read instruments, and record data. 

3. Repeat part 2 , but with switch 3 closed and switches 1 cuid 2 open. 

4. Repeat part 2 with switches 1 , 2 , and 3 closed. 

Report. 1. Using the data of part 1, compute and record the phase angle of 
branch 1 . 

2 . Using voltage as a reference, plot the three branch currents to scale. Assume 
/2 to be in phase with E and h to lead E by 90°. Add h, 1 2 , and h graphically 
to obtain the line current. 
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3 . Using data of part 4, compute and record the line power factor and the phase 
angle between line current and line voltage. 

4. Compare the line current obtained by vector addition with the value measured 
in part 4 of the procedure. Also, compare the line phase angle obtained by vector 
ad^tion with that computed in part 3 of the results. 

5. Submit the data sheet and the vector diagram together with a summary 
of the results which were obtained. 



CHAPTER III 


SINGLE-PHASE SYSTEMS 


1 . Introduction. A system energized by a single alternating voltage is 
called a single-phase system. Certain characteristics of single-phase sys¬ 
tems were presented in Chapter I, and a review of these may be in order 
at this time. In an a-c circuit which contains only resistance the current 
and voltage are in phase, and E divided by I equals R, the resistance of the 
circuit in ohms. If the single-phase circuit contains only inductance, the 
current lags the impressed voltage by 90°, and E divided by I equals ATx,, 
the inductive reactance of the circuit in ohms. When an a-c circuit con¬ 
tains only capacitance, the current leads the impressed voltage by 90°, 
and E divided by I equals Xc, the capacitive reactance of the circuit in 
ohms. 

In a single-phase series circuit which contains resistance and inductance, 
the impressed voltage equals a combination of the resistance voltage and 
the reactance voltag(‘, and hence E divided by I equals a combination of 
R and A'l, which is known as the impedance of the circuit. Impedance is 
expressed in ohms and its symbol is Z, If the circuit contains resistance 
and capacitance, or resistance, inductance, and capacitance, the impressed 
voltage divided by the current also gives the impedance of the circuit. 
Hence, the impedance of a single-phase series circuit is a combination of all 
quantities {expressed in ohms) ivhich impede the flow of current in the circuit. 

Since the resistance voltage RI, the inductive reactance voltage XlI, 
and the capacitive reactance voltage Xcl differ in time phase in respect 
to the current, it is obvious that these voltages must be combined 
vectorially to obtain the impressed voltage ZL Similarly, R, Xl and 
Xc must be combined vectorially to obtain Z. 

Also, in Chapter I, we have found that the power in a single-phase 
circuit equals the product of the current, the impressed voltage, and the 
cosine of the phase angle between current and voltage. The cosine of the 
phase angle is called the power factor of the circuit. When I lies in a clock¬ 
wise direction from E, the power factor is said to be lagging, and when 
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I lies in a counterclockwise direction from E, the power factor is said to 
be leading. 

2 . Resistance and Inductance in Series. When a single-phase series 
circuit contains only resistance and inductance, the impressed voltage E, 
or Z/, can be resolved into two components at right angles to each other. 
One of these components, the resistance voltage /?/, is in phase with the 
current, and the other component, the inductive reactance voltage, XlIj 
leads the current by 90°. This latter statement is equivalent to saying 
that / lags XlI by 90°. 

The various diagrams for this type of circuit are illustrated by Fig. 3-1. 
Since the current in a series circuit is the same in all parts of the circuit. 



(a) Series Circuit 



(b) Vector Diagram with 
Current as Reference 



A‘ 


(c) Impedance Triangle 



(d) Vector Diagram w'irh 
Voltage as Reference 


Fig. 3-1. Diagrams for an A-c Series Circuit Containing Resistance and Inductance. 


it is customary to use the current as a reference about which to plot the 
voltages. This has been done in the vector diagram (Fig. 3-16) by placing 
I along the axis of reals. RI is plotted in phase with 7 and XlI is plotted 
90° ahead of /. When RI and XI are known, the impressed voltage ZI 
may be obtained by adding RI and XlI vectorially. The value of B, the 
phase angle between the impressed voltage and the current depends on 
the ratio of XiJ to /?/, i.e., tan 6 equals XlI divided by RI. The power 
factor of this type of circuit is lagging since I lies B degrees in a clockwise 
direction from ZI. 

Expressed in rectangular coordinates: 

ZI^RI+JXlI (3-1) 

Expressing equation 3-1 in polar coordinates: 

Z//0 = VjRiY + jXjy /tan-i XJ/BI 


(3-2) 
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The impedance triangle (Fig. 3-lc) is obtained by dividing equation 3-1 
by the current. This gives; 

Z^R+JXl (3-3) 

Which expressed in polar coordinates is: 

Zl± = V /?2 + /tan-^ Xj^lR (3-4) 

The triangle formed by Z, JR, and Xl is similar to that formed by Z/, /?/, 
and Xhl in the vector diagram (Fig. 3-16). It is evident that the imped¬ 
ance of this type of circuit equals the vector sum of the resistance and 
tlie inductive reactance. Also, it is evident from the impedance triangle 


that; 

6 = sin~^ XhjZ = cos“^ /?/Z = tan"”^ XlIR (3-5) 

Xl = Zsin^ (3-6) 

R^Zq.o^Q (3-7) 

XL = RiSind (3-8) 


If we are not primarily interested in studying the relationship between 
the various voltages which may be considered to exist in an a-c series 
circuit, the vector diagram may be constructed with the impressed voltage 
as reference for the current as shown in Fig. 3-ld. If the vector diagram 
(Fig. 3-16) is rotated clockwise through 6°, E or ZI will fall along the axis 
of reals and I will lie in the fourth quadrant behind E. Hence, the 
vector diagram (Fig. 3-1 d) is similar to that of Fig. 3-16 except that the 
impressed voltage instead of the current is plotted along the axis of reals. 

The current may be considered as consisting of two components, one 
which is in phase with tlic voltage and th (5 other which lags the voltage 
by 90°. With voltage along the axis of reals, the current for this type of 
circuit expressed in rectangular coordinates is: 

7^7 (cos 6 — j sin 6) (3-9) 

7 cos 0 is referred to as the in-phase current or the resistive component of 
current, while 7 sin 6 is called the quadrature current or reactive component 
of current. Attention is called to the sign preceding the operator j in 
equations 3-1, 3-3, and 3-9. With 7 as reference, the operator 7 for X^I 
in the vector diagram (Fig. 3-16) and for Xl in the impedance triangle 
(Fig. 3-lc) is positive. With E as reference, as shown in the vector dia¬ 
gram (Fig. 3-ld) the sign of the j operator which precedes the quadrature 
or vertical component of current is negative. Writing equation 3-9 in polar 
coordinates we have 

7\^ = V (7 cos oy -f (7 sin BY \tan“^ 7 sin B/I cos 0 (3-10) 

Example 3-1: An effective resistance of 30 ohms is connected in series 
with 50 ohms inductive reactance across a 230-volt a-c source. Determine 
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(a) the impedance; (6) the current; (c) the RI voltage; and {d) the XJ 
voltage. 


Solution. 

(а) Z = 30+y50 

Zll = V30^ + 50^ /tan-» 50/30 
= 58.3/59° ohms 

(б) I = E/Z = —— 

^• '' 30+^50 

^ 230 , 30 - j 50 ^ 6900 - ./11,500 

30 + y 50'30 - j 50 3100 

= 2.03 - j 3.38 

I/e == V(2.03)2 + (- 3.38)2 /tan-' - 3.38/2.03 
= 3.95^59° amp 


Ans. 


Ans, 


(b) Alternate Solution for Part b 

A. = . -gg-Q. 

' Z/0 58.3/59° 

= 3.95 /0° - 59° = 3.95\59^ amp Ans. 

(c) RI = 30 X 3.95 = 118.5 volts Ans. 

(d) XJ = 50 X 3.95 = 197.5 volts Ans. 



Example 3-2: An air-core coil having a resistance of 40 ohms and induct¬ 
ance of 0.318 henry is connected in series with a noninductive resistance 
across a 240-volt, 25-cycle source, (a) What value of noninductive resist¬ 
ance is required to limit the current in the circuit to 3 amp? (6) Deter¬ 
mine the impedance and current of the circuit. 

Solution, (a) See Fig. 3-2. Since noninductive resistance is added, the 
reactance of the circuil will not changed. 

Xj = coL = 6.28 X 25 X 0.318 = 50 ohms 
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Arts. 

Arts, 
Am. 

Problem 3-1: An effective resistance of 40 ohms at 25 cycles and an inductance 
of 0.22 henry are connected in series across a 120-volt, 25-cycle source. Determine 
(a) the impedance; (b) the current. 

Problem 3-2; A coil liaving 12 ohms effective resistance at 50 cycles and 0.05 
henry inductance is connected in series with a second coil having 14 ohms effective 
resistance and 0.03 henry inductance across a 220-volt, 50-cycle source. Determine 
(a) the impedance; (b) the current. 

Problem 3-3; A resistor which is noninductively wound is connected in series 
with a reactor of negligible resistance across a 230-volt, 60-cycle source. The 
voltage across the resistor is 80 volts. Determine the voltage across the reactor. 

Problem 3-4; A coil with 16 ohms effective resistance and 12 ohms inductive 
reactance at 25 cycles is connected in series with a second resistance across a 180- 
volt 25-cycle source, (a) Determine the value of the second n^sistance if the current 
is to be limited to 6 amp. (6) Find the impedance of the series circuit. 

Problem 3-5; A coil with an air core has an impedance of 48 /26^^ ohms when 
tested on a 25-cycle source. What is its impedance at 60 cycles.^ 

3- Resistance and Capacitance in Series. In an a-c series circuit 
which contains resistance and capacitance the impressed voltage can be 
resolved into two components, RI which is in phase with the current, and 
Xcl which lags the current by 90°. The vector diagram (Fig. 3-36) shows 
this relationship. Current is used as reference and is plotted along the 
axis of reals. RI is drawn in phase with I and Xcl is drawn 90° behind 
the current, i.e., current leads the capacitive reactance voltage by 90°. The 
vector sum of RI and Xcl gives the impressed voltage ZI. The value of the 
phase angle between the impressed voltage and the current depends on 
the ratio of Xcl to RI, i.e., tan 6 equals Xcl divided by RI. The power 
factor of this type of circuit is leading since I lies 6 degrees in a counter¬ 
clockwise direction from ZI. Expressed in rectangular coordinates: 

ZI = RI -j Xcl (3-11) 

Changing equation 3-11 to polar form we have 


The impedance of the circuit will be 
Zie = ^ = ^ = 80/d ohms 

In magnitude 

Z= VIP + Xi/ 

R = VZ^ - 

R = VgO'* — 50* = 62.45 ohms 
Rx = 62.45 — 40 = 22.45 ohms 
(6) d = tan-> 50/62.45 = 38° 46' 
ZJ± = 8 0/38° 46' ohms 
Afl = 3\38° 46' amp 


( 3 - 12 ) 
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The impedance triangle (Fig. 3-3c) is similar to the triangle formed by 
Z/, /?/, and Xcl in the vector diagram (Fig. 3-36) and is obtained by 
dividing equation 3-11 by the current. Thus 

Z = R-jXc (3-13) 



t rY~i 


(a) Series Circuit 


RI 

i 

zi 


-I 

-jXcl 


(b) Vector Diagram with 
Current as Reference 


I’ig. 3-3. 


R 




J COS B • 


(c) Impedance Triangle 


(d) V'cetor Diagram with 
Voltage as Reference 


Diagrams for an A-c Series Circuit (Containing Resistance and Capaci¬ 
tance. 


Wliich expressed in polar coordinates is 

Z\0 = \tan-i Xc/R (3-14) 

It is evident from the impedance triangle that the impedance of this 
type of circuit equals the vector sum of the resistance and the capacitive 
reactance. Also, it is evident from the impedance triangle that: 

6 = sin~^ XcjZ = cos~^ /?/Z = tan-^ XcjR (3-15) 
Xc = Z sin 6 (3-16) 

R = Zcosd (3-17) 

A c = R tan $ (3-18) 


The vector diagram (Fig. 3-3d) is obtained by rotating the diagram 
(Fig. 3-36) counterclockwise through d degrees. The impressed voltage E 
or ZI now lies along the axis of reals and I lies in the first quadrant d 
degrees ahead of F. With E on the axis of reals the current may be con¬ 
sidered as consisting of an in-phase component and a quadrature com¬ 
ponent, and may be expressed in rectangular coordinates as 

/ = 7 (cos 6 + j sin 6) 


(3-19) 
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Attention is called to the sign preceding the operator j in equations 3-11, 
3-13, and 3-19. When writing voltage and impedance with I on the axis 
of reals — j is used, but when writing current with E on the reference 
axis y is used. Writing equation 3-19 in polar form, we have 

7/0 = V(7 cos ey -f- (7 sin 6)'^ /tari~* 7 sin 6/7 cos d (3-20) 

Example 3-3. A resistance of 40 ohms is connected in series with 50-mfd 
capacitance across a 220-volt, 60-cjcle source. Determine (a) the imped¬ 
ance; (6) the current. 


Solution. 


(a) Ac = 

Z = 
Zll = 

(b) 7 = 


111 = 


W ^ 10° 

wC 6.28 X 60 X 50 
40 — j 53.1 ohms 
V40^ + (- 53.1)" /tan 
66.5\53“ ohm 
E 220 


= 53.1 ohm 
-■ - .53.1/40 


Z 40-y 53.1 


220 . 40 -I- y53.1 ^ 8800 -f ./ 11,688 

40 - y 53.1 ‘ 40 -t- y 53.1 4419.6 

1.99 + y 2.64 amp 
Vl.99^ + 2.64^ /tan-> 2.64/1.99 
3.31/53° amp 


(b) Alternate Solution for Current 

I/e = 

— Z\d 66.5\53° 

= 3.31/0 - (- 53°) = 3.31/5.3° amp 


Ans. 


A ns. 


Ans. 


Problem 3-6: An a-c series circuit contains 36 ohms iioninductive resistance 
and 32-mfd capacitance. What current will this circuit draw when connected across 
a 440-volt, 50-cycle source? 

Problem 3-7: A resistor and capacitor are connected in series across a 120-volt, 
25-cycle source and draw 0.54 amp. The voltage across tlu* resistor is 96 volts. 
Determine (a) the voltage across the capacitor; (6) the capacitance in iiifd; (c) the 
impedance expressed in polar form. 

Problem 3-8: The impedance of an a-c series circuit containing a iioninductive 
resistor and a capacitor is measured on a 60-cycle source and found to be 72\30® 
ohms. What will be the impedance of this circuit at 40 cycles? 

Problem 3-9: A resistance of 30 ohms, and a capacitance of 33.2 mfd are 
connected in series across a 230-volt, 60-cycle source. It is desired to double the 
current in this circuit by adding capacitance. Determine the additional mfd 
capacitance required. 
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4. Resistance, Inductance, and Capacitance in Series. When an a-c 
circuit consists of resistance, inductance, and capacitance connected in 



(a) Series Circuit 


Z1 


Rl 


JXJ 

JXI 


i-jXcJ 

(b) Vector Diagram, X^ XVc* 
Current as Reference 


\jXiI 



1-jXcI 

(c) Vector Diagram, Xi<Xct 
Current as Reference 


Fig. 3-4. 



(f) Vector Diagram, 

Voltage as Reference 


/ cos 6 

(g) Vector Diagram, Xj<.XQy 
Voltage as Reference 


Diagrams for an A-c Series Circuit Containing Resistance, Inductance, 
and Capacitance. 


series (Fig. 3-4) the components of the impressed voltage Z1 are the 
resistance voltage HI and the total reactance voltage XI, The total 
reactance voltage. 


jXI ~ Xcl) 


(3-21) 
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The impressed voltage expressed in rectangular coordinates is 

ZI^RI^ j {XJ - Xcl) (3-22) 

and expressed in polar coordinates is 

ZIll = VRP + {XJ - Xciy /tan~i (XJ - XcI)/RI (3-23) 

The vector diagram (Fig. 3-46) is for a circuit in which XlI is greater 
than XcL I is plotted along the axis of reals, RI is in phase with /, and 
XI is plotted 90° ahead of /. Since Xd is greater than XcL the total 
reactance voltage XI is treated as an inductive reactance voltage. The 
power factor in this case is lagging. Fig. 3-4c is the vector diagram for a 
circuit in which Xd is less than Xd- When this condition exists XI lies 
90° behind I and is treated as a capacitive reactance voltage. A leading 
power factor exists in the circuit when Xd < Xd. 

The impedance diagram (Fig. 3-4d) is for a series circuit in which 
Xl> Xc, and is obtained by dividing the voltages of diagram (Fig. 3-46) 
by the currenti Fig. 3-4e is the impedance diagram for a series circuit in 
which Xl < Xc, and is obtained by dividing the voltages of diagram 
(Fig. 3-4c) by the current. The total reactance, 


jX^j{XL-Xc) (3-24) 

It is obvious that the impedance is the vector sum of R and X regardless 
of whether X is inductive or capacitive in its effect. Expressed in rec¬ 
tangular coordinates, 

Z^ R+jX (3-25) 

Expressed in polar coordinates, 

Z/fl = V/?2 + A'2 /tan-> X/R (3-26) 

The vector diagram (Fig. 3-4/) illustrates the position of the current in 
a series circuit containing /?, L, and C when Xl > Xc. Fig. 3-4/ is 
obtained by rotating diagram (Fig. 3-46) clockwise through 6 degrees. 
The voltage ZI now lies along the axis of reals and / lags the voltage by 
6 degrees. The current in this type of circuit is inductive and equations 
3-9 and 3-10 apply. 

The vector diagram (Fig. 3-4^') illustrates the position of the current 
when Xl < Xc, and is obtained by rotating Fig. 3-4c counterclockwise 
through 6 degrees. / in this case is a capacitive or leading current, and 
with voltage plotted on the axis of reals, the current equations 3-19 and 
3-20 apply. 

Example 3-4: An a-c series circuit has a resistance of 10 ohms, an induc¬ 
tive reactance of 40 ohms, and a capacitive reactance of 60 ohms when 
connected across a 220-volt, 60-cycle source. Determine (a) the imped- 
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ance of the circuit expressed in polar coordinates; (6) the current expressed 
in polar coordinates; (c) the RI, XlI, and Xcl voltages. 

Solution. 

(a) Z==R+j (Xl - Xc) = 10 +y (40 - 60) 



= 10 — y 20 ohms 

Z/e = VlO^ + (- 20)2 /tar,-I _ 20/10 

Ans, 


= 22.37\63° 26' ohms 

Ans, 

{h) 

I/e - ® - //I /O - (- 63° 26 ') 

Z\0 22.37 



= 9.85/63° 26' amp 

Ans. 

iO 

RI = 10 X 9.85 = 98.5 volts 

Ans. 


XlI == 40 X 9.85 = 394 volts 

Ans. 


Xcl = 60 X 9.85 = 591 volts 

Ans. 


Attention is called to the fact that the XlI and Xcl voltages as deter¬ 
mined in example 3-4 exceed the impressed voltage in magnitude. Thus, 
in a circuit of this type voltages high enough to be dangerous to persons 
and equipment may be developed. The Xtl and Xcl voltages may be 
held to relatively low values by connecting adequate resistance in series. 

Problem 3-10: An effective resistance of 25 ohms at 60 cycles, 0.2-hcnry induct-, 
ance, and 60-nifd capacitance are connected in series across a 220-volt, 60-cyclc 
sour(;(\ Determine (a) the magnitude and phase angle of the current; (6) the HI, 
XlI, and Xcl voltages. 

Problem 3-11: Determine the voltage required to cause 3.5 amp to flow in an 
a-c series circuit containing 18 ohms resistance, 9 ohms inductive reactance, and 
22 ohms capacitive reactance. 

Problem 3-12: An a-c series circuit containing noninductive resistance and 
inductance has an impedance of 68 /50° olims at 60 cycles. A second series circuit 
containing noninductive resistance and capacitance has an impedance of 36\25° 
ohms at 60 cycles. Determine the magnitude and phase angle of the current 
should these two circuits be coimected in series across a 220-volt, 25-cycle source. 

5. Resonance in A-c Series Circuits. An a-c series circuit is said to be 
in resonance when the inductive reactance Xl equals the capacitive react¬ 
ance Xc- Under this condition the total reactance X equals zero and the 
impedance equals the resistance of the circuit. The phase angle between 
the current and voltage in a resonant circuit is zero and the power factor 
is unity. It is obvious then that the current in an a-c series circuit reaches 
its greatest magnitude when the circuit is in resonance. 

Inductive reactance varies directly with frequency, while capacitive 
reactance varies inversely with frequency. These relationships are ex¬ 
pressed by the equations, 

Xl = (jdL = 27r/L 
Xc = l/wC = l/ 27 r/c 



SINGLE-PHASE SYSTEMS 


65 


At zero frequency is zero and Xc infinite in value. As the frequency 
increases, Xl also increases, but Xc decreases. When the frequency 
becomes infinite, Xl is infinite and Xc is zero. Hence, in a series circuit 
containing inductance and capacitance, Xl will equal Xc at some value 
of frequency. This value of frequency can be determined by placing Xl 
equal to Xc and solving for /. 

27 r/L = l/ 27 r/C 
47r2/2LC = 1 

/2 = I/^T^LC 

/=]/2 xVZZ^ (3-27) 

where L is in henries and C is in farads. If C is expressed in microfarads, 
equation 3-24 becomes 

/ = W/2tVLC (3-28) 

Example 3-5: An inductance of 0.06 henry, 2.4-mfd capacitance, and 
350 ohms of noninductive resistance are connected in series. Determine 
resonant frequency for this circuit. 

Solution. _ 

/ = 10V27rVLC = 1000/6.28v^O.OOX 2.4 
= 420 cps Arts, 


If the product of L and 
tion 3-27, that resonant 
frequency would also be 
constant. It is possible 
then to produce resonance 
at a definite frequency with 
an infinite number of com¬ 
binations of L and C, 
provided the product LC 
remains constant. The 
product LC necessary for 
resonance in a series cir¬ 
cuit at 60 cycles per second 
can be determined as fol¬ 
lows: solve equation 3-28 

for LC, ,_ 

VLC: 

LC ■■ 


C is held constant, it is obvious, from equa- 
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1^ ^ 

Zwf 

7.04 


10 ® 


(2t)(60) 


= 2.655 


where L is in henrys and C is in microfarads. 

Curves with frequency as abscissa and current as ordinate are shown 
in Fig. 3-5 for two circuits. The voltage applied to each circuit is held 
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constant at 120 volts. Curve (a) is for an a-c series circuit with 10 ohms 
resistance, 0.0352-henry inductance, and 200-mfd capacitance; while curve 
(6) is for a series circuit having 10 ohms resistance, 0.352-henry inductance, 
and 20-mfd capacitance. The product LC equals 7.04 for each circuit, 
hence resonance in each takes place at 60 cycles. However, the shape of 
the two curves differs and attention is called to the fact that increasing 
inductance and decreasing capacitance sharpen the resonant curve. 

Problem S-13: A noninductive resistance of 10 ohms is connected in series with 
0.25-henry inductance and 35-mfd capacitance across a 110-volt, variable frequency 
source, (a) Determine resonant frequency; (b) (jonstruct a data sheet with columns 
for; /, /?, X, Z[e, and I[9. Compute the data for frequencies of 30, 40, 

50, 60, 70, and 80 cycles per second, as well as for resonant frequency; (c) with 
frequency as abscissa, plot the magnitudes of the following as ordinates: /?, 

Xci Zy and /. Assume the resistance to be constant for all frequencies. 

Problem 3-14: [a) Determine resonant frequency; (6) construct a data sheet; 
and (c) plot curves as requested in problem 3-13, but for a series circuit with 10 ohms 
resistance, 0.35-henry inductance, and 25-mfd capacitance. 



(b) Vector Diagram, (c) Vector Diagram, 

/, sin >/2 sin $2 /i sin ^i< /g sin 62 

Fig. 3-6. Diagrams for an A-c Parallel Circuit. 


6 . A-c Parallel Circuits. Fig. 3-6 shows the circuit and vector diagram 
for a single-phase parallel circuit containing resistance and inductance in 
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branch one and resistance and capacitance in branch two. Since the 
voltage across the parallel circuit is common to the branch currents^ E is 
used as the reference for Ii and and is plotted along the axis of reals. 
The current Ii lags the voltage because branch one contains resistance and 
inductance in series. Hence, Ii is plotted in the fourth quadrant di degrees 
behind E. The value of di can be determined by equation 3-5 if ri and Xi 
are known, or from the equation di = cos*"^ Pi/EIu if Pu E, and h are 
known. This latter equation is a rearranged form of the power equation 
P = El cos 6 . The current 1 2 leads the voltage because branch two con¬ 
tains resistance and capacitance, and hence h is plotted in the first quad¬ 
rant 62 degrees ahead of E. The value of 62 can be determined by equa¬ 
tion 3-15 if 7*2 and X 2 are known, or by the equation 62 = cos“^ P 2 /E/ 2 , 
if P 2 , E, and h are known. 

The line current I is the vector sum of the branch currents /i and / 2 , 
and the angle 6 between the line current and the voltage is the phase 
angle of the parallel circuit. When the vertical component of current in 
the inductive branch exceeds the vertical component of current in the 
capacitive branch (Fig. 3-66), the line current lags the voltage. When the 
vertical component of current in the inductive branch is less than that of 
the capacitive branch, the line current leads the voltage as shown in 
Fig. 3-6c. 

A parallel circuit having more than two branches is treated in a similar 
manner. The magnitude and phase angle of each branch current is deter¬ 
mined, and the branch currents are added vectorially to obtain the magni¬ 
tude and phase angle of the line current. Example 3-6 shows how the 
magnitude and phase angle of the line current in a parallel circuit can be 
obtained by the use of vector algebra. 

Example 3-6. A parallel circuit is connected across a 220-volt, 60-cycle 
source. Branch one contains 30 ohms resistance and 40 ohms inductive 
reactance, and branch two contains 50 ohms resistance and 80 ohms 
capacitive reactance. 

Determine the magnitude and phase angle of the line current. 

Solution. See diagrams. Fig. 3-6a and Fig. 3-66. 

/ = ^ ^ == 220 

‘ Zi ri + j Xi 30 + j 40 

220 30 - y 40 _ 6600 - j 8800 

30+y40'30-y40 2500 

= 2.64 — j 3.52 amp 
/ — ^ == 220 

’ 22 r 2 — j X 2 50 — j 80 
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220 50 +j80 ^ 11,000 + j 17,600 

50-y 80‘50+>80 8900 

1.237 + j 1.98 amp 

Ii + h = 2.64 - j .3.52 + 1.237 + j 1.98 
3.88 — j 1.54 amp Ans. 

+ L 54^ /tan-^ - 1.54/3.88 
4.17\21° 40' amp Ans. 

7. Series Equivalent Impedance of a Parallel Circuit. A series im¬ 
pedance which draws current of the same magnitude and phase angle as 
that drawn by a parallel circuit when placed across the same single-phase 
source is called the series equivalent impedance of the parallel circuit. 
Series equivalent impedance is usually referred to simply as the impedance 
of the parallel circuit, and can be determined in the following manner: 

1 . Solve for and express in rectangular form the current in each branch 
circuit. 

2 . Add the branch currents vectorially to obtain the line current. 

3. Divide the voltage by the line current to determine the series equiva¬ 
lent impedance. 

When the series equivalent impedance of a single-phase parallel circuit 
is expressed in rectangular form, its first term is the series equivalent resist- 
ance of the circuit, and its second term is the series equivalent reactance. 

Example 3-7: Determine: (a) the series equivalent impedance; (6) the 
series equivalent resistance; and (c) the series equivalent reactance of the 
parallel circuit of example 3-6. 

Solution, (a) From the solution of example 3-6, the line current ex¬ 
pressed in rectangular coordinates is 

/ = 3.88 — j 1.54 amp 

7 - 220 

I 3.88 - y 1.54 

220 3.88 + j 1.54 _ 854 + j 339 

3.88 - j 1.54 ‘ 3.88 + j 1.54 17.37 

= 49 .1 + j 19.5 oh ms 
Z/e = \/49.P + I9.5=‘ /tan-t 19.5/49.1 
= 52.7 4/21° 40' ohms 

(6) The series equivalent resistance = 49.1 ohms 

(c) The series equivalent reactance = 19.5 ohms inductive 

Problem 3-15: A parallel circuit of three branches is connected across a 440-volt, 
25-cycle source. Branch one has 30 ohms resistance, 40 ohms inductive reactance, 
and 80 ohms capacitive reactance. Branch two contains 50 ohms resistance and 


Ans. 

Ans. 

Ans. 
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60 ohms inductive reactance. Branch three contains 60 ohms resistance, 90 ohms 
inductive reactance, and 75 ohms capacitive reactance. Determine the magnitude 
and phase angle of the line current. 

Problem 3-16; Determine (a) the series equivalent impedance; (6) the series 
equivalent resistance; and (c) the series equivalent reactance of the parallel circuit 
of problem 3-15. 

8. Admittance, Conductance, and Susceptance. When the values 
of the resistances and the reactances in a single-phase parallel circuit are 
known, the admittance method is frequently used to determine the series 
equivalent impedance of the circuit. This method differs in principle from 
that given in the previous two articles only in that unit voltage is assumed 
across the branches of the parallel circuit. 

The parallel circuit (Fig. 3-7) consists of two branch circuits with 
resistance and inductance in one, and resistance and capacitance in the 



(b) Vector Diagram, (c) Vector Diagram, 

Fig. 3-7. Diagrams for Admittance Method of Solving A-c Parallel Circuits. 

other. If we consider the impressed voltage to equal unity and to lie 
along the axis of reals, the current /i, which in this case is the current per 
volt in branch one, can be computed as follows; 

/i = I == 1 . n - J xi 

ri + j Xi n + j xi ri — j xi 
^ ri — jxi _ ri _ . Xi 

The current per volt in an a-c circuit is called the admittance of the cir¬ 
cuit and is represented by the symbol y. Thus, yi could be substituted 
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for h in the above equation and the admittance of the first branch be¬ 
comes 


yi = 


ri _ Xi 

4 - x^ 


(3-29) 


The horizontal component of the current per volt is the conductance of 
the circuit and is represented by the symbol g. The vertical component 
of the current per volt is the suscepiance and is represented by 6 . It is 
evident from equation 3-29, that 


and 




n 

+ xi^ 


6i 


Xi 

+ X2^ 


(3-30) 

(3-31) 


Using symbols to represent conductance and susceptance, equation 3-29 
can be written, 

y\ = 91 - j bi (3-32) 


The equation for the admittance of the second branch is 

y2^ 92+ j hi 


The sign indicating the direction of the susceptance is positive for the 
second branch, since the branch current leads the voltage. 

The vector diagram (Fig. 3-76) is drawn with voltage along the axis of 
reals. The conductances gi and 92 are plotted in phase with E, The 
susceptance 61 is plotted 90° behind E, and 62 is plotted 90° ahead of E, 
The admittance yi is the vector sum of gi and 61 , and y 2 is the vector sum 
of 92 and 62 . Capital G is used to represent the total conductance of the 
parallel circuit and capital B is used as the symbol for the total suscept¬ 
ance, It is evident from the vector diagram that 


and 


G = 9i + 92 


B — 61 ” 1 “ 62 


The values of B, 61 , and 62 may be positive or negatives, depending on the 
capacitive or inductive character of the circuit for which they are used. 
The symbol Y represents the total admittance, or the total current per 
volt, in the parallel circuit. Y equals the vector sum of yi and y 2 ; that is: 

Y = 9 i -- j bi + 92 + j 62 

= (^1 + 92 ) +y (- 61 + 62 ) 

^G+jB (3-33) 

Expressed in polar coordinates: 

17 ^= VG 2 + B^ /tan~^ B/G 


(3-34) 
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If the unit voltage which is assumed to lie along the axis of reals is 
divided by the total current per volt, the result is the series equivalent 
impedance of the parallel circuit. Thus, 

= l/Yle (3-35) 

Equation 3-35 may be transposed to read, 

Yl± = (3-36) 

The following equations are evident from the vector diagrams of Fig. 3-7: 

e = cos-1 G/Y = sin-1 jg/y = tan-i B/G (3-37) 

Since the series equivalent resistance of a parallel circuit is the horizontal 
component of its series equivalent impedance, 

R = Zcos 6 = ZGIY = G/y2 (3-38) 

And since the series equivalent reactance of a parallel circuit is the vertical 
component of its series equivalent impedance, 

A = Z sin ^ = ZBjY = BjY^ (3-39) 

If a voltage E having a value other than unity is impressed on a parallel 
circuit, the current at that voltage can be obtained by multiplying the 
magnitude of the voltage by the admittance. That is, 

Jl± = EYI± (3-40) 

/ = E(G+yi?) (3-41) 

Admittance, conductance, and susceptance are expressed in mho or 
reciprocal ohms. Attention is called to the use of lower-case letters for 
the branch circuits and the use of capital letters for the line values. This 
method of indicating parallel circuit quantities is recommended in order 
to avoid confusion. 

Example 3-8: An a-c parallel circuit contains 30 ohms resistance and 
40 ohms inductive reactance in series in branch one. Branch two consists of 
50 ohms resistance, 75 ohms inductive reactance, and 125 ohms capacitive 
reactance connected in series. Determine: (a) the conductance; (6) the 
susceptance; (c) the admittance; (d) the equivalent impedance; (e) the 
equivalent resistance; (/) the equivalent reactance. 

Solution. 

n + j xi 30 + j 40 

_]__ 30 -i40 _ 30 -7 40 

30 + y40 ’ 30 ~y40 2500 

= 6.012 -y 0.016 
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ri + j {xl - Xc) 50 - j 50 
^ 1 50 + J 50 ^ 50 + ./50 

50-ySO’50+j50 5000 

= 0.01 + J 0.01 


G = gi + gt = 0.012 + 0.01 = 0.022 mho 


(6) j B = — j 0.016 + j 0.01 = — j 0.006 mho 
(c) Y=G+jB = 0.022 - j 0.006 

y/(9 = VO.022" + 0.006'^ /tan-« - 0.006/0.022 
= 0.0228X15° 16' mho 

id) zfe = -^ = - ^ 

~ Y\e 0.0228\15° 16 ' 

= 43.8 6/15^ W ohms 


ZG/Y = 


43.86 X 0.022 
0.0228 


= 42.3 ohms 


Ans. 

Arts, 

Am. 

Ans. 

Ans. 


(/) X = ZBjY = ()298 ~ 11.52 ohms inductive reactance 

Ans. 


Problem 3-17: A coil having 18.6 ohms rcsislaru’C and 25.4 ohms inductive 
reactance is cormected in parallel with a circuit consisting of 12.9 ohms resist¬ 
ance and 42.1 ohms capacitive reactance. Determine: (a) the admittance; (6) the 
equivalent iriifKidance of the parallel circuit; (c) the equivalent resistance; (c/) the 
equivalt^nt reactance. 

Problem 3-18; An a-c parallel circuit contains three branches. Branch one 
consists of 8 ohms Resistance, 30 ohms inductive reactance, and 40 ohms capacitive 
reactance connected in series. Branch two consists of 10 ohms resistanc:e connected 
in series with 15 ohms capacitive reactance. Branch three consists of 12 ohms 
resistance connected in series with 8 ohms inductive reactance. Determine: (a) the 
admittance; (6) the equivalent impedance; (c) the equivalent resistance; (d) the 
equivalent reactance. 
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9* Resonance in A-c Parallel Circuits. In a series circuit, resonance 
occurs when the inductive reactance voltage XlI equals the capacitive 
reactance voltage XqI- Resonance occurs in a parallel circuit when the 
sum of the vertical components of the branch currents equals zero. 

Assume the parallel circuit (Fig. 3-8) to contain resistance only in the 
first branch, inductance only in the second branch, and capacitance only 
in the third branch. The vector diagram is plotted with voltage along the 
axis of reals. Ir is in phase with E, I l lags E by 90°, and Ic leads E by 
90°. In order for resonance to occur in this type of 
circuit, IL must equal Ic in magnitude, and under 
this condition the line current equals Ir, But before 
I L can equal Ic, Xl must equal Xc- Thus, the con¬ 
dition for resonance in this type of parallel circuit 
is the same as that for a series circuit, and equa¬ 
tion 3-7 will apply. 

/ = II2WLC 

If the resistance branch of Fig. 3-8 were removed, 
leaving pure inductance connected in parallel with 
pure capacitance, the line current at resonance 
would be zero, although current would flow in the 
branch circuits. The series equivalent impedance 
of this circuit becomes infinite at resonance, since 
Z equals E/I, and I equals zero. The wave trap (Fig. 3-9) makes use 
of this principle. The parallel circuit is tuned to resonate at a definite 
frequency by adjusting the variable condenser. Impedance to current of 
this frequency is practically infinite, whereas impedance to currents of 
other than the resonant frequency is small. 


Aerial 





Fig. 3-10. Parallel Circuit in Resonance When hi = b 2 . 


If the parallel circuit (Fig. 3-10) contains resistance and inductance in 
series in one branch, and resistance and capacitance in series in a second 
branch, equation 3-27 will not hold, except when ri equals r 2 . However, 
resonance will occur when the vertical component of Ii is equal and oppo- 
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site to the vertical component of h- Based on this assumption an equation 
may be derived. At resonance, 


But 

Hence, at resonance, 
and 


11 sin Bi = h sin 62 
11 sin Bi = Ebu and h sin 62 = £^62 
Eb\ = £62 


J. 

Substituting for 61 and 62 their values, we have 


Xi _ 


X 2 


+ xi^ ri + 

Substituting for Xi its value wL, and for X 2 its value 


coL 


Jj_ 

wC 


0 )C 


+ {coiy T2^ + 1 


By cross multiplication, 
ojLr^ “f” 




(oL _ £1^ , {(aLy 
{o)Cy coC wC 


“h (j)L = o>ryC "f- 

Dividing by oj and transposing, 

= ri^C - L 

-DC 


<a = 2 ir/ = ^/— 
yri 

/ = 


1 


ri^C - L 
?L(? - DC 
WC - L 


4 . 


2TrVLC 


(3-42) 


In cases where > L and r 2 ^C < L, the quantity -becomes 

Lr22C - LJ 

negative, and its square root is imaginary. This quantity is likewise imagi¬ 
nary when ri^C < L and r 2 ^ C > L, Under these conditions there is no 
value of fr equency a t which resonance will occur. When ri equals ^2 the 

quantity \ becomes unity and / = l/27rVTC, which is the same 

\ r2^L — L 

equation as that for resonance frequency of a series circuit. 

10. Parallel Circuit Resonant at All Frequencies. A parallel circuit 
of two branches, similar to that shown in Fig. 3-10, will resonate at all 
frequencies when _ 


Ti = r2 = VL/C 


( 3 - 43 ) 
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This can be proved as follows: Resonance occurs when bi equals 62 . That is, 
when 

2 . 

cjL __ 0)C 

ri? + (oiLy + 1 

{o^cy 

Simplifying the left-hand member of the above equation by dividing numer¬ 
ator and denominator by coL, and simplifying the right-hand member by 
multiplying both numerator and denominator by wC, we have 

_ 1 _^ 1 

+ coL H—~ 

o:L o)L 

Multiplying both denominators by co, 

1 1 

4- a)-L r2“a)^C + g 

Now when _ 

riVL = 1/C or ri = VT/C 

and _ 

r 2 ^C = L or r 2 - VL/C 
the equation would become 

1 _^ 1 

i + CO'^L 03^L + - 

C C 

The two sides of the equation are identical and would be equal at all fre¬ 
quencies. Hence, resonance will occur for this particular case at all fre¬ 
quencies, and the circuit behaves like a pure resistance circuit. 

Problem 3-19: A parallel circuit with three branches contains a pure inductance 
of 0.25 henry in branch one, 35-mfd capacitance in branch two, and 300 ohms 
noninductive resistance in branch three. An a-c voltage held constant in magnitude 
at 110 volts, but with frequencies varying from 30 to 80 cycles per second is applied 
to the circuit, (a) Determine resonant frequency for the circuit; (h) construct a 
data sheet with columns for: /, //,, Ic, Ir, l[0y and Z/^, Fill in data at 30, 40, 50, 
60,70, and 80 cycles per second, as well as at resonant frequency, (c) With frequency 
as abscissa, plot the magnitudes of the following as ordinate: II, Ict Irj /, and Z. 
Assume resistance constant at all frequencies. 

Problem 3-20; Derive the equation for resonant frequency of a parallel circuit 
having two branches; branch one contains resistance and inductance in series, and 
branch two contains pure capacitance. 

Problem 3-21: At what frequency will resonance occur in a parallel circuit 
having two branches as follows: branch one consists of 15 ohms resistance in series 
with 0.006-henry inductance; and branch two consists of 8 ohms resistance in 
series with 40-mfd capacitance? 
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Problem 3-22: Branch one of a parallel circuit contains 20 ohms resistance in 
series with 0.002-henry inductance. Branch two contains 20 ohms resistance in 
series with 5-mfd capacitance. At what frequency will the parallel circuit resonate? 

11 . Power in Single-Phase Circuits. When the voltage and current 
waves in a single-phase circuit are true sine waves, the power taken by the 
circuit equals the product of the volt-arnperes and tlie cosine of the phase 
angle between the voltage and current waves. (See Chapter I, Article 24.) 
That is, 

P = El cos d 

where cos d is the power factor of the circuit. 

This equation has been used previously in this text only where either E 
or I was considered to lie along the axis of reals. It can be used, however, 
regardless of the positions of E and I on the vector diagram. For example, 
consider the vectors E/a and 1 /0 (Fig. 3-11) to represent the voltage and 
current of a single-phase circuit. The power taken by the circuit would be: 

P = El cos (a — 0) 

e = (a-0) 

P ^ El cos 6 

Attention is called to the fact that power is not the product of E/a and 1/0, 
but the product of their magnitudes and the cosine of the difference of their 
direction angles. 



hi 

Fig. 3-11. Power = El cos 0, Fig. 3-12. Power = — Enin 4 Eyly. 

When the vectors of voltage and current are expressed in rectangular 
coordinates, power equals the product of the horizontal components added 
algebraically to the product of the vertical components. For example, 
consider the vector diagram of the single-phase circuit. Fig. 3-12. 

P = El cos (a — 0) 

Expanding cos (a — 0) and simplifying: 

P = El (cos a cos 0 + sin a sin 0) 

P = El cos a cos 0 + El sin a sin 0 
P = E cos al cos 0 -f E sin al sin 0 
P = Ejjlji “i” Eyly watts 


(3-44) 
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The positive and negative sign preceding the horizontal and vertical com¬ 
ponents must be considered when determining power by use of equation 
3-44, but the complex operator j must not be included in computing the product 
of the vertical components. 




(a) (b) (c) 

Fig. 3-13. Vector Diagrams for Example 3-9. 

Example 3-9: A current of 10 amp flows when a single-phase circuit is 
placed across a 440-volt a-c source. This current lags the voltage by 30°. 
Determine the power drawn by the circuit: (a) with vectors expressed in 
polar coordinates, and E plotted 120° ahead of the reference axis; ( 6 ) with 
E and I expressed in rectangular coordinates, and E plotted along the axis 
of reals; (c) with E and I expressed in rectangular coordinates, and E 
placed 240° ahead of the axis of reals. 

Solution. See Fig. 3-13. 

(a) P = £:/ cos (120° ~ 90°) = El cos 30° 

= 440 X 10 X 0.866 = 3810 watts Ans. 

(b) E = 440 +j0 

/ = 8.66 -ys 

P = (410 X 8 . 66 ) -f (0 X [- 5]) = 3810 watts. An^. 

(c) E=- 220 -jm 

/ = - 8.66 - y 5 

P = (- 220 X- 8.66) + (- 381 X~ 5) 

= 1905 + 1905 = 3810 watts. Ans. 

Wlien the total energy dissipated by a single-phase circuit is in the form 
of heat, the power taken hy the circuit equals the product of the effective 
resistance and the square of the current. The proof of this statement is as 
follows: 

P = El cos 6 
E cos 6 = RI 

P = RJJ = Rp 
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The total power drawn by a parallel circuit equals the arithmetic sum of 
the power drawn by the branch circuits. This relationship is illustrated 
by example 3-10. 

Example 3-10: A parallel circuit consisting of two branches is connected 
across a 550-volt 60-cycle source. Branch one has 4 ohms resistance con¬ 
nected in series with 8 ohms inductive reactance, and branch two has 5 ohms 
resistance connected in series with 12 ohms capacitive reactance. Deter¬ 
mine: (a) the power drawn by each branch; (6) the power drawn by the 
circuit; (c) the power factor of the parallel circuit. 

Solution. Assuming voltage along the reference axis. 


(a) h = 


Pi = 

I2 = 


P2 = 

(b) P = 

(c) I = 

i/e = 


E+JO ^ 550 

n+jxi 4 -f y 8 
550 . 4 - ./8 ^ 2200 -74400 

4 -f 7 8 ‘ 4 - y 8 80 

27.5 — 7 55 amp 

(550 X 27.5) + (0 X [- 55]) = 15,125 watts 
E + jO ^ 550 

Fi— jxi 5 — 7 12 
550 . 5+712 ^ 2750 + 76600 

5 - 7 12 ’ 5 + 7 12 169 

16.3 + 7 39 amp 

(550 X 16.3) + (0 X 39) = 8,965 watts 
Pi + P 2 = 15,125 + 8,965 = 24,090 watts 
h + h = 27.5 - 7 55 + 16.3 + 7 39 
43.8 — 7 16 amp 

V43. 8^ + ( -1^ /tan-i - 16/43.8 
46.6\20° 6' amp 

Power factor = cos 20° 6' = 0.939 


Am, 


A ns. 
Am, 


Am. 


Check on Part (b) 

P = El cos 6 = 550 X 46.6 X 0.939 = 24,090 watts Am. 

Alternate Solution for Part (a): With E along the reference axis, deter¬ 
mine Ii and h as in the previous solution. Expressing Ii and h in polar 
coordinates, we have: 

h/h = V(27.5y^ + (~ 55)^ /tan-i - 55/27.5 
' = 61.5\,63^ 26' amp 

Pi = Eh cos 63° 26' = 550 X 61.5 X .447 

= 15,125 watts Am. 

Also, 

Pi == Pi/r = 4 X 61.5^ = 15,125 watts Am, 
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= Vl6.3^ + w /tan-« 39/16.3 
= 42.26 /67° 18' amp 

Pi = Eh cos 67° 18' = 550 X 42.26 X 0.386 

= 8,965 watts Arts. 

Also, 

P 2 = Rzh^ = 5 X 42.26^ = 8,965 watts Ans. 

Problem 3-23: An a-c voltage E = — 110 + J 191 volts is applied to a circuit and 
causes a current / =--2-fyil amp. Determine the power drawn by the circuit. 

Problem 3-24: A current I = 4.2\l2° 42® amp flows in a circuit when E = 
115 /17° 12^ volts is applied. Determine: (a) the power drawn by the circuit; 
(6) the power factor of the circuit. 

Problem 3-25: A single-phase circuit has an effective resistance of 3.92 ohms 
and an inductive reactance of 7.84 ohms at 60 cps. The current in the circuit is 
11.4 amp. What power is drawn by the circuit? 

Problem 3-26: An inductance of 0.325 henry is connected in scries with a non- 
inductive resistance of 50 ohms across a 220-volt, 25-cyclc source, (a) What power 
is taken by the circuit? (b) What is the power factor of the circuit.^ 

Problem 3-27 : (a) Determine the power drawn by tiie circuit of problem 3-26 
if the voltage applied is changed to 220 volts, 60 cycles. (6) Also, determine the 
power factor. 

Problem 3-28: A parallel circuit has two branches. Branch one contains 30 ohms 
resistance in series with 40 ohms inductive reactance at 60 cps, and branch two 
contains 60 ohms resistance in series with 30 ohms inductive reactance and 60 ohms 
capacitive reactance at 60 cps. The parallel circuit is connected across a 240-volt, 
60-cycle source. Determine: (a) the power recjuircd by each branch circuit; (b) the 
power required by the parallel circuit; (c) the power factor of the parallel circuit. 

12. To Determine Xi, and L from Measurements. A single¬ 
phase circuit having resistance and inductance is connected across an a-c 
source, as shown in Fig. 3-14. An 
ammeter, a voltmeter, and a watt¬ 
meter are connected in the circuit. 

The wattage divided by the volt- 
amperes is the power factor (cos 6). 

The phase angle 6 may then be 
obtained from tables. The magni¬ 
tudes of E and / are indicated 
on the instruments, and E divided 
by will give Z/0. Z cosd 
equals R, and Z sin B equals Xl- If 
the frequency of the source is known, L in henries may be computed by 
dividing Xl by 27r/. 

An alternate method would be to determine the magnitude of Z, which 
equals t he magni tude of E divided by that of 7. R equals P//^ and Xl 
equals VZ^ — R^. L equals Xl 2t/. 
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Example 3-11: A single-phase circuit is placed across a 120-volt, 60-cycle 
source, with an ammeter, a voltmeter, and a wattmeter connected, as 
shown in Fig. 3-14. The instruments indicate 12 amp, 120 volts, and 800 
watts. Determine: (a) the power factor; (6) the phase angle; (c) the im¬ 
pedance; (d) the resistance; (e) the inductive reactance; (/) the inductance. 


Solution. 

(a) cose = P/EI = 800/120 X 12 = 0.555 Ans, 

(b) $ = cos-10.555 = 56° 17' Ans, 

(c) Zje — — == 10/56° 17' ohms Ans. 

~ I\d J2\56°17'- 

(d) /? = Zcos^ = 10 X 0.555 = 5.55 ohms Ans. 

(e) Xl = Z sill 0 = 10 X 0.832 = 8.32 ohms Ans. 

if) L = XiJ27rf = 8.32/6.28 X 60 = 0.0221 henry An^. 

Alternate Solution for Parts (df) and (e) 

(d) R = P //2 = 800/12*' = 5.55 ohms Ans. 

(e) In magnitu de Z = E/I = 120/12 = 10 ohms 

Xl = = Vl02 - S.SS’* = 8.32 ohms Ans. 


Problem 3-29: A coil is placed in series with a resistance of 20 ohms across a 
220-volt, SO-cyde source, and draws 4.2 amp and 670 watts. Determine; (a) the 
power factor and phase angle of the circuit; (b) the circuit impedance; (c) th(‘. circuit 
resistance; (d) the coil resistance; (e) the coil reactance; (/) the inductance of the 
coil; (g) the power factor and phase angle of the coil. 

Problem 3-30: An air-core coil is connected across a 240-volt, 60-cyclc source, 
and draws 10 amp. If the effective resistance of the coil is 5 ohms, determine; 
(a) the impedance; (h) the reactance; (e) the power drawn hy the coil. 



Fig. 3-15. Diagram for Single-Phase Transmission with an Inductive Load. 

13. Voltage Drop in A-c Series Circuits. In dealing with a-c trans¬ 
mission and distribution systems the effect of capacitance is considered 
negligible except in long high-voltage lines, and in cables operating at 
relatively high voltages. Resistance and inductive reactance of the line, 
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however, must be considered in determining the voltage drop between 
the source and the load. Fig. 3-15 shows the diagrams for an inductive 
load at the end of a single-phase transmission line. The resistive and 
reactive voltages for both wires of the line are indicated schematically as 
though they were concentrated at one position in the line. Since the load 
voltage El and the line impedance voltage E 2 are often out of phase, they 
must be added vectorially to obtain the voltage of the source E. Expressed 
in rectangular coordinates, 

E = {RJ + R 2 I) + j {XJ + X 2 I) 

Substituting for E its value Z1 and dividing by /, we have 

{Ri + R2)+j{Xi + X2) 

A capacitive load is shown at the end of a single-phase transmission line 
in Fig. 3-16. The load voltage Ex is plotted Bi behind the current, where 
is the phase angle of the load. The line resistance voltage R 2 I which is in 




Fig. 3-16. Diagrams for a Single-Phase Transmission Line with a Capacitive Load. 

phase with the current and the line reactance voltage X 2 I which is 90® ahead 
of the current are added to Ex to give the voltage of the source E. It is 
evident that the voltage regulation of single-phase transmission and dis¬ 
tribution systems is materially affected, not only by the resistance and 
reactance of the line, but by the power factor of the load as well. 

Example 3-12: A 20-kw, 440-volt, 60-cycle, 80 per cent leading power 
factor load is connected at one end of an overhead single-phase distribution 
line. The line is 800 feet long and consists of two No. 6 A. W. G. solid copper 
conductors spaced 24 inches apart. Assume the resistance of each single 
conductor per mile to be 2.11 ohms and the inductive reactance of each 
single conductor per mile at 60 cycles with 24 inch spacing to be 0.72 ohms. 
Consider the capacitance of the line to be negligible. Determine the magni¬ 
tude and phase angle of the voltage at the input end of the line when the 
load voltage is 440 volts, 60 cycles. 

Solution. (See Fig. 3-16.) The magnitude of current is, 

I = P/E cos B = 20,000/440 X 0.8 = 56.9 amp 
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With current plotted along the axis of reals the load voltage Ei expressed 
in rectangular coordinates is 

= El (cos 6 i — j sin 6 ^ = 352 — j 264 volts 
The resistance of the line, 


/?2 = 


2.11 X 800 X 2 
5280 


0.64 ohm 


The line resistance voltage, 

B 2 I = 0.64 X 56.9 = 36.6 volts 
The inductive reactance of the line, 


A2 


0.72 X 800 X 2 
5280 


0.218 ohm 


The line inductive reactance voltage, 

A 2 / = 0.218 X 56.9 = 12.4 volts 
The line impedance voltage in rectangular coordinates, 
Z 2 I = 36.6 + j 12.4 volts 
The input voltage in rectangular coordinates, 

ZI = 352 - j 264 + 36.6 + j 12.4 
= 388.6 — j 251.6 volts 

The input voltage in polar coordinates. 


ZJ/J = V(388.6)2 + (~ 251.6) Vtan-^ - 251.6/388.6 
== 463.5\32^ 55' volts 


Am, 


In Fig. 3-17 an impedance having resistance and inductive reactance is 
connected in s(Ties with a single-phase induction motor in order to operate 


Motor 


T —r-JlRAr-vmai^-^ 

I — 

E 


Coil 



Fig. 3-17. Diagrams for Example 3-13. 


the motor at less than line voltage. The magnitude of the line voltage, the 
phase angle of the series impedance voltage referred to the current, and 
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both magnitude and phase angle of the motor voltage are known. The 
phase angle of the line voltage referred to the current and the magnitude 
of the series impedance voltage are unknown. One method of solving this 
type of problem is illustrated in example 3-13. 

Example 3-13: A single-phase induction motor draws 760 watts at 80 
per cent lagging power factor, when 110 volts, 60 cycles, are applied to its 
terminals. The motor is to operate from a 150-volt, 60-cycle source with 
the line voltage reduced to 110 volts across the motor by placing a coil 
having 30 per cent lagging power factor in series. Determine the resistance 
and reactance of the coil. 

Solution. See Fig. 3-17. 

(a) Let El represent the motor voltage, E 2 the coil voltage, and E the 
line voltage. Likewise, let di represent the phase angle of the motor, 62 that 
of the coil, and 6 the phase angle of the circuit. Then 

E — {El cos Bi -j- E 2 cos ^ 2 ) “h j {Ei sin Bi -|- E 2 sin ^ 2 ) 

The magnitude of E 
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The magnitude of I is 

1 = = 760/110 X 0.8 = 8.65 amp 

El cos ^ 

Rcoii — - ~ = 13.85/8.65 = 1.6 ohms Ans. 

Xcoii = = 44.03/8.65 = 5.1 ohms Ans. 

Problem 3-31; A 60-cycle, single-phase traiisinission line supplies a 110-kw load 
at 0.6 power factor. The voltage at the terminals of the load is 11,000 volts. The 
line is 25 miles long (50 miles of win^), and consists of two No. 4 A. W. G. solid 
copper conductors spaced 60 iiudies apart. Assume the resistance per conductor 
per mile for No. 4 to be 1.33 ohms, and the inductive n^actance per conductor 
per mile at 60 cycles and for a spacing of 60 inches to be 0.8 ohms. Neglect the 
effect of capacitance. Determine: (a) the voltage' applied to the transim'ssion line; 
(b) th('. power factor of the line and the load taken collectively; (c) the (ifliciency 
of transmission. 

Problem 3-32: Dete^rmine the value of nonindiietive resistance which might be 
substituted for the coil of example 3-13 and still give 110 volts across the motor 
terminals. 

14. Power-Factor Correction. The extensive use of induction motors, 
magnetic controllers, certain types of electric furnaces and welding ma¬ 
chines, as well as other inductive equipment causes the typical electric load 
to have a lagging power factor. As the power factor decreases, the current 
and kva for a definite wattage constant-voltage load increases. This is 
evident since / = P/E cos 6. Thus, transformers, alternators, switching 
equipment, and line conductors for supplying low power-factor loads must 
be larger, contain more copper, and cost more per kw than equipment 
which is constructed to supply unity power-factor loads. 

A distribution or transmission line may be operating above rated current 
due to the low power factor of the load which it supplies. By improving tlie 
power factor of the load the line current will be reduced, the PR copper 
losses will be reduced, and the efficiency of transmission will be raised. 
Furthermore, the undesirable effect of lagging power factor in increasing 
the voltage regulation of transmission and distribution lines which was illus¬ 
trated in the previous article will be diminished. 

Because of these undesirable effects of low power factor, power com¬ 
panies are interested in encouraging customers to maintain the best possible 
load power factor. Contracts for large power consumers usually call for 
rebates when their load power factor is above 85 per cent and penalties 
when their power factor falls below 85 per cent. The amount of the rebate 
or penalty increases as the power factor varies from 85 per cent. 

One method of improving lagging power factor is to connect a static 
condenser in parallel with the load. On polyphase systems, synchronous 
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condensers are frequently used for this purpose. Synchronous condensers 
are specially designed synchronous motors which operate without me¬ 
chanical load at low leading power factors. Other types of synchronous 
motors which drive mechanical loads are often designed to provide some 
power-factor correction. 



Fig. 3-18. Diagrams for Exami)le 3-14. 


Example 3-14: A single-phase motor draws 2000watts at 80 per cent 
lagging power factor when connected across a 220-voll, 60-cycle source. A 
static condenser is connected in parallel with the load to give unity power 
factor. Determine the required capacitance. 

Solution. See Fig. 3-18. 

Let /i equal motor current, h the charging current of condenser, and / 
the line current. In magnitude, 

/i = P/E cos dI == 200/220 X 0.8 = 11.35 amp 
h = Ii sin di = 6.81 amp 
Ac = E/h = 220/6.81 = 32.3 ohms 
C = 10V27r/Ac = 10V6.28 X 60 X 32.3 = 82.2 mfd Arts, 

Problem 3-33; Tlie rated current for the secondary coil of a transformer is 
312.5 amp, and the rated voltage of the coil is 480 volts. Determine: (a) its kva 
rating; (h) its kw rating for an 80 per cent power-factor load; (c) its kw rating for 
a 50 per cent power-factor load. 

Problem 3-34; A single-phase induction motor draws 800 watts at 60 per cent 
lagging power factor when connected across a 110-volt, 60-cycle source. A static 
condenser is to be connec*ted in parallel with the motor to correct the power factor 
to 85 per cent lagging. Determine the required capacitance. 

15. Kilovolt-Ampere Diagrams. When the information concerning 
a-c parallel circuits is expressed in terms of kva and power factor, the solu¬ 
tions of certain types of problems may be simplified by use of kva diagrams. 
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In order to construct this type of diagram, kva must be considered as a 
vector quantity displaced from the axis of reals by an angle whose cosine 
is the power factor. The horizontal component of the kva is the product of 
kva and cos d or the kw, and the vertical component is the product of the 



Fig. 3-19. Addition of Two kilovoil-Ampen' Loads. 


kva and sin 6 or the kvar (kilovolt-amperes reactive). Expressing the kva in 
rectangular coordinates, we have, 

kva = kw + jr kvar (3-45) 

Equation 3-45 is to be read as follows: the kilovollHimperes equals the vector 
sum of the kilowatts and the kilovars. 

Fig. 3-19 shows kvai plotted 6 i degrees in a negative direction from the 
axis of reals since the power factor of branch one is lagging, and kva 2 is 
plotted 62 degrees in a positive direction from the axis of reals since brancli 

two has a leading power factor. 
The total kva of tlie parallel 
circuit is the vector sum of kva 1 
and kva 2 , and the power factor 
of the parallel circuit is the total 
kw divided by the total kva. 

Example 3-15; Three single- 
f)hase divStribution feeders are 
connected to a bus. Number 
one supplies a 70-kva, 70 per 
cent lagging power-factor load; 
number two supplies a 30-kva, unity power-factor load; and number three 
supplies a 50-kva, 90 per cent leading power-factor load. Determine: 
(a) the kva supplied by the bus; (6) the power factor of the combined load; 
and (c) tlie power taken from the bus. 


Kva, 



Fig. 3-20. Diagram for Example 3-15. 
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Solution. See Fig. 3-20. 

= \cos~i 0.7 = \45^ 34' 

M = /cos-^ 1.0 = /O^ 

/^3 = /cos-^ 0.9 = /25° 10^ 

(a) kvai\^ = 49 — j 49.99 
kva2/^ = 30 + j 0.00 
kvas/^j = 45 + j 21.80 
kva/^ = 1 24 — j 28.19 

= V 1242 + (- 28.19)2 /tan-^ - 28.19/124 
= 127.2\12M8'kva Arts. 

(Jb) Power factor = cos 12° 48' = 0.975 

= 97.5 per cent lagging Arts. 

(c) Kw= 124 kilowatts Ans, 

Problem 3-35; A single-phase feeder supplies the following loads: a motor 
circuit which draws 15 kva at 60 per cent lagging power factor; an 8-kva lighting 
load at unity power factor; and a 2-kva static condenser load at zero leading power 
factor. Determine: (a) the total kva; (6) the power factor of the feeder; (c) the 
power supplied by the feeder. 

Problem 3-36: A 2300-volt, 60-cycle, single-phase bus has four branch circuits. 
Circuit A supplies a 100-kva load at 90 per cent lagging power factor; circuit B, 
60 kva at 75 per cent lagging power factor; circuit C, 40 kva at unity power factor; 
and circuit D, 30 kva at zero per cent leading power factor. Determine: (a) the 
total kva supplied by the bus; (6) the total power; (c) the bus power factor. 

16. Series-Parallel Circuits. To determine the impedance of a series- 
parallel circuit, first, find the series equivalent impedance of the parallel 
portion of the circuit, and add this vec- ^3 

torially to the impedance in series with * flllP--—i 

the parallel part of the circuit. d ^ d ^ 

Example 3-16; A coil with 10 ohms t * 'p * 

resistance and 12 ohms inductive re- J 

actance is connected in series with a 

parallel circuit of two branches. Branch | 

one contains 20 ohms resistance and 40 „ 01 r- •* 1 o 

, . . , 1 , lig. 3-21. Circuit lor Example 3-16. 

ohms capacitive reactance, and branch 

two 15 ohms resistance and 20 ohms inductive reactance. Determine the 
impedance of the series-parallel circuit. 

Solution. See Fig. 3-21. Considering the parallel part of the circuit: 

yi gi-r J oi ^02 4 . 492 20 ^ - 4 - 402 

= 0.01 + j 0.02 
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_ 15 ; 20 

yz 172 j h ^-,2 J f 52 ':|:' 20 = 

= 0.024 - j 0.032 

Y = 0.01 + j 0.02 + 0.024 - j 0.032 = 0.034 - j 0.012 
„ _ 1 0.034 +i 0.012 

” 04)34 - j 0.012'0.034 + j 0.012 

= Q1154 + j 0.012 ^ 26.1 + y 9.22 ohms 
0.0013 ■’ 

Adding the impedance of the series portion: 

Ztoiai= 26.1 +y9.22 + 10 +yi 2 = .36.1 +y 21.22 
Z /0 =V'36.P + 21.22^ /tan-» 21.22/36.1 

= 41.9 /30° 31' ohms Ans. 

Problem 3-37: Determine the impedance of the series-parallel circuit of Fig. 
3-22, using the following values for resistances and reactances: ri = 80 ohms, r 2 == 
60 ohms, Ta = 50 ohms, xi = 60 ohms inductive reactance, X 2 — 90 ohms capacitive 
reactance, Xn == 30 ohms inductive reactance, and X 4 = 75 ohms capacitive 
reactance. 



r, = 80, = 60, = 50 ohms r, = 25, = 30, r, = 40, = 45, = 15 ohms 

^,= 60, Ar 2 = 90, a :3 = 30, x^= 75 ohms = ^2=60, x.^-35 ohms 

Fig. 3-22. Circuit for Problem 3-37. Fig. 3-23. Circuit for Problem 3-38. 

Problem 3-38; Determine the impedance of the series-parallel circuit of Fig. 3-23, 
using the following values of rc'sistaiices and reactances; ri = 25 ohms, ra = 
30 ohms, n = 40 ohms, r 4 = 45 ohms, = 15 ohms, Xi — 50 ohms inductive 
reactance, X 2 = 60 ohms capacitive reactance, and X 3 = 35 ohms inductive rea(‘t.- 
ance. 

Questions 

3 - 1 . What is meant by the in-phase component of current.^ The quadrature 
current? 

3 - 2 . Define reactance and give its symbol. How does reactance differ from 
impedance? 

3 - 3 . What is meant by resonance in a series circuit? How does series resonance 
differ from parallel resonance? 
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3-1-. If you were working with a series circuit and desired to produce resonance 
at a lower frequency, what methods could you use? 

3-5. How can the tuning curve of a series circuit be made sharper without 
changing the value of resonant frequency? 

3-6. Define: series equivalent impedance; series equivalent resistance; and 
series equivalent reactance. 

3-7. List the steps used in determining the series equivalent impedance of a 
parallel circuit, when the voltage across the circuit is known. 

3-8. Define admittance, conductance, and susceptance as they pertain to a-c 
parallel circuits. Give the symbol for each. 

3-9. Under what condition will the equation for resonance in a parallel circuit 
of two branches be the same as that for resonance in a series circuit? 

3-10. What conditions must exist in a parallel circuit having two branches to 
prevent resonance at any frequency? 

3-11. Under what condition docs resonance in a parallel circuit of two branches 
take place at all frequencies? 

3-12. Give the equation for power in an a-c circuit when the vectors of voltage 
and current are expressed as E/a and I\fi. When E = Et{ j Ey and I — Iji — 
j IV- 

3-13. What are tlie reasons why low power factor is undesirable? How may it 
be improved? 

3-14. What is meant by kilovolt-amperes reactive? 

Problems 

3-39. The name platen on a singlt^-phase induction motor reads: 2 horsepower 
(output), 110 volts, 60 cycles, 24 amp. Determine the power factor of the motor 
if the efficiency at rat('d output is 80 per cent. 

3-40. The impedance of an air-core coil is measured at 1000 cycles as 124 0/64^ 
ohms. The coil is to be connected in scries with a capacitor to give the circuit zero 
phase angle at 2000 cycles. Assuming the eJfective resistance as constant, deter¬ 
mine: (a) the microfarads of the capacitor; (6) the impedance of the circuit at 
2000 cycles. 

3-41. A resistor and capacitor arc connected in seric'S across a 120-volt, 25-cycle 
source. The current has a magnitude of 6 amp when the voltage across the 
resistor is 75 volts. Determine the mfd capacitance of the circuit. 

3-42. A resistor and capacitor are connected in series across a 440-volt, 50-cycle 
source. The power drawn by the circuit is 630 watts and the current magnitude 
is 2.6 amp. Determine: (a) the impedance; (6) the effective resistance; (c) the 
capacitance in microfarads. 

3-43. An a-c single-phase motor rated at 3 horsepower (output), 220 volts, 25 
cycles, is to be operated on a 260-volt, 25-cyclc line. At rated load the power factor 
is 80 per cent lagging and the elficiency is 75 per cent. A coil having 50 per cent 
power factor is connected in series with the motor to reduce the voltage from 260 
to 220 volts when the motor is delivering 3 horsepower. Determine the resistance 
and reactance of the coil. 

3-44. An air-core coil is placcrd across a 120-volt, 60-cycle source and draws 
90 watts at 40 per cent lagging power factor. The coil is then connected in series 
with a resistor across a 220-volt, 25-cycle source. Determine the required resistance 
of the series resistor if the current in the coil is to be limited to 5 amp. 
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3-45. Determine the inductance to be connected in series with a 0.00035-mfd 
capacitance to give resonance at 6 X 10^ cycles per second. 

3-46. A series circuit contains 25 micromicrofarads capacitance (0.000025 mfd) 
and 140 microhenries inductance. At what frequency is this circuit resonant? 

3-47. Two coils are connected in parallel across a 110-volt, 60-cycle source. 
The line current has a magnitude of 12 amp and the line power factor is 80 per 
cent lagging. The magnitude of current in branch one is 8 amp and the power 
factor of this branch is 72 per cent lagging. Determine: (a) the current in the 
second coil; (6) the resistance and reactance of the second coil. 

3-48. A coil is connected across a 220-Yolt, 60*cy(’>le source, and an ammeter 
in the circuit indicates 6 amp. The coil is replaced by a noninductive resistance 
and the ammeter shows 5 amp. The coil and the resistor arc connected in parallel 
across the source and the ammeter coimected to read the line current indicates 
9 amp. Determine: (a) the power factor of the coil; (b) the resistance and reactance 
of the coil. 

3-49. A parallel circuit contains 0.0001-olim resistance and 0.002-henry induct¬ 
ance in branch one, and 0.0005 microfarad in branch two. At what frequency 
is this circuit resonant? 

3-50. A noninductive resistance and a capacitor are connected in series across 
a 220-volt, 60-cycle source. The resistance is adjusted so that an ammeter in the 
circuit indicates 8 amp and a wattmeter indicates 250 watts. Determine the 
resistance and the capacitance of the circuit. 

3-51. A 60-cycle, single-phase transmission line 5 miles long delivers power to a 
300-kw, 80 per cent lagging power-factor load, and at a load voltage of 6600 volts. 
The line consists of No. 0 A. W. G. solid copper conductors spaced 24 inches apart. 
Assuming resistance to be 0.52 ohm per mile of conductor, and inductive reactance 
at 60 cycles and for 24-inch spacing to be 0.636 ohm per mile of conductor, deter¬ 
mine: (a) the voltage at the input end of the transmission line; (b) the power factor 
of the load and line taken (X)llectiv(4y; (c) the per cent efficiency of the transmission 
line. 

3-52. The values for the circuit of Fig. 3-24 are: R = 200 ohms, L = 0.01 henry, 
and C = 1.5 mfd. Determine the impedance of the circuit at 800 cycles per second. 


L R 



Fig. 3-24. Circuit for Ph’oblem 3-52. Fig. 3-25. Circuit for Problem 3-53. 

3-53. The transmitter of Fig. 3-25 has an impedance of 55 -f j 0, the receiver 
impedance is 150 + j 165, R is 45 ohms, and C in series with the receiver is 1.2 mfd. 
The circuit is connected across a 5-volt, 800-cyclc source. Determine: (a) the 
circuit impedance; (6) the current in the line; (c) the power drawn by the trans¬ 
mitter; (d) the power drawn by the receiver. 
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Laboratory Experiments 
Experiment 3-1 

Purpose. To determine the effect of varying the frequency from below to above 
resonant frequency in an a-c series circuit containing resistance, inductance, and 
capacitance. 

Procedure. Drive an alternator with an adjustable speed d-c motor so as to 
generate a voltage with frequencies ranging from about 35 to 70 cps. Connect 
adequate rheostat capacity in the field of the alternator so that the magnitude of 
voltage may be maintained constant at about 120 volts throughout the range of 
frequency required for the test.* Connect a resistor, coil, and capacitor in series 
across the variable frequency source, and insert instruments to measure the im¬ 
pressed voltage E, current /, wattage of the entire circuit P, voltage across the 
resistor Eu voltage across the coil E 2 , wattage taken by the coil P 2 , and voltage 
across the capacitor Ez. One voltmeter and one wattmeter may be used for all 
voltage and wattage readings. 

Energize the circuit, and vary the frequency, adjusting the voltage so as to 
maintain constant magnitude throughout the frequency range. Check the instru¬ 
ments to see: (1) that the current and voltage ratings of the instruments and 
equipment are not exceeded; (2) that the indications of the instruments are suffi¬ 
ciently high on* the scales to obtain reasonably accurate measurements; (3) and that 
resonant frequency occurs between 50 and 60 cps. If this check indicates a need 
for adjustment in the circuit or for a change of instruments, make the necessary 
alterations and repeat the check before taking data. 

After the circuit is ready for the test, apply the low-frequency voltage. Read 
and record values of: /, E^ /, P, Eu ^ 2 » P 2 , and E 3 . Repeat the readings for eight 
to ten values of frequency over the range suggested. One reading should be obtained 
with the frequency as near as possible to resonant frequency. 

Report. 1. Submit a written report. 

2. The data sheet should include, in addition to the values read, the following 
computed data for each frequency used in the test: the circuit impedemce Z/0, the 
circuit power factor PF, the circuit resistance P, the circuit reactance X, the coil 
impedance ZzjBz, the inductive reactance the capacitive reactance Xc, the 
inductance L, and the capacitance C. 

3. The report should include a curve sheet with / plotted as abscissa and the 
following quantities plotted as ordinates: /, Z, P, Xl, and Xc* 

4. The report should include two vector diagrams: one for a frequency below 
resonance and the other for a frequency above resonance. The values of Eu Eu 
and Ez should be plotted to scale and added vectorially to obtain E. The values of 
E from the vector diagrams should then be compared with the values of E as r(*ad. 

Experiment 3-2 

Purpose. To determine the effect of varying the frequency from below to above 
resonant frequency in an a-c parallel circuit. 

Procedure. Connect the alternator to provide a voltage of constant magnitude 
at frequencies from about 35 to 70 cps (see suggestions, experiment 3-1). The test 
circuit should consist of a coil in branch one and a capacitor in branch two. Insert 
instruments to read the impressed voltage P, the line current /, the power P, the 
current in branch one I u and the current in branch two /*>. 
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Energize the circuit and vary the frequency, mating the necessary field adjust¬ 
ments to give a constant voltage throughout the frequency range. Chect the instru¬ 
ments to see; (1) that the current and voltage ratings of the instruments and equip¬ 
ment are not exceeded; (2) that the indications arc liigh enough on the scales of the 
instruments to obtain reasonably accurate measurements; and (3) that resonant 
frequency occurs between 50 and 60 cps. If the check indicates a need for adjust 
ments in the circuit, or for a change of instruments, make the necessary alterations 
and repeat the check before taking data. 

After the circuit is ready for the test, apply the low frequency voltage. Read 
and record values of/, E, /, P, Iu and Ii. Repeat the readings for eight or ten values 
of frequency over the range suggested. One reading should be obtained with 
frequency as near as possible to resonant frequency. 

Report. 1. Submit a written report. 

2. The data sheet should include, in addition to the values read, the following 
computed data for each frequency used in the test: /i expressed in rectangular 
coordinates; 1 2 expressed in rectangular coordinates; I/£ computed by adding h 
and 1 2 vectorially; Z/<9 computed from E as read and I as computed; the circuit 
power factor PF, which is tlie cos of the phase angle as computed; the series equiv¬ 
alent resistance R; and the series equivalent reactance X. 

Suggestion: Assume the phase angle of 1 2 in respect toE to be 90® and the power 
taken by the capacitor to be zero. The entire power of the circuit will then be 
taken by branch one, and di = cos“'P/E/i. 

The use of the computed value of line current is recommended above due to 
the fact that the accuracy of the measured value of current may be affected by 
the distortion of the wave form. 

3. The report should include a curve sheet with / plotted as abscissa and the 
following plotted as ordinates: I as read; / as computed; h sin 0i; h\ and PF, 
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POLYPHASE SYSTEMS 


1 . Advantages of the Polyphase System. A multiple-phase or 
polyphase system is a combination of two or more single-phase systems, the 
voltages of which are displaced in time phase from one another. The single¬ 
phase systems wliich comprise the polyphase system usually are inter¬ 
connected. 

Polyphase systems have many advantages when compared with single¬ 
phase systems, particularly when motors above fractional horsepower sizes 
constitute the principle load on the system. Power in the polyphase system 
is relatively uniform while that of the single-phase system is pulsating. 
Thus, the torque produced by polyphase motors is relatively smooth when 
compared to the torque developed by single-phase motors. In this respect 
polyphase and single-phase motors are similar to multiple- and single¬ 
cylinder gasoline engines. When compared with singh^-phase motors, 
polyphase motors are simple in construction, requires less maintenance, 
and have higher efficienci(\s. In general, single-phase motors with ratings 
above fractional hors('power sizes are not used unless otlier considerations 
outweigh the advantages of the polyphase motor. 

The power rating of a given motor or generator is greater when operated 
as a polyphase macliine than when operated single phase. For example, if 
the single-phases rating is taken as 100 per cent, the 2-phase rating of the 
same machine will be about 40 per cent greater, and the 3-phase or 6-phase 
rating of the sarhe machine will be about 50 per cent greater. The amount 
of copper required by a 3-phase system to transmit power over a fixed 
distance, with equal power loss, and with equal^voltages between conduc¬ 
tors is 75 per cent of that required by a single-phase system. 

A single-phase load may be energized from a polyphase system simply 
by utilizing one of tlie single-phase voltages of the system. It is not possible, 
however, to energize a polyphase load from a single-phase system without 
first converting the single-phase system into a polyphase system. The 
equipment for this conversion is somewhat complicated and expensive. 

93 
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2 . Generation of Polyphase Voltages. The stator or armature of the 
2 -pole alternator (Fig. 4-1) is wound with 3 coils, aa\ bb\ and cc\ which are 
electrically insulated from one another. Coil* 66' is displaced 120® in a 
clockwise direction from coil aa', and coil cc' is displaced 120® clockwise 

_ from coil 66' and 240® clockwise from coil aa'. 

direction of the emf of coil aa' is in at a' 
/ ® when the south pole is above a 

/M MA and the direction of rotation is clockwise. (To 

' I \ \ verify this condition with the right-hand gen- 

[ I I I I erator rule, the conductors must be considered 

L V W' b’ j W to move in the opposite or counterclockwise 

S direction in respect to the field.) Also, the 

/ potential at a reaches its positive maximum 
with clockwise rotation of the field when the 
f cen ter of the south pole is directly above a. 

Fig. 4-1. Elementary S-Phase potential at 6 is a positive maximum at 
Alternator. 120 time-degrees after a has passed through 

its positive inaximuin. At 120 time-degrees 
later the potential of c reaches its positive maximum. That is, the emfs 
of the three coils are displaced from one another by 120 time-degrees and 
form a 3-phase system. 

In practice, the polyphase alternator is constructed witli coils distributed 
over the entire surface of the armature as shown in Fig. 4-2. Coils which 

lie witliin the arcs A and A' are connected in _ 

series witli one another to form phase group 
a, those which lie within the arcs B and B' 
form phase group 6, and those which lie with¬ 
in arcs C and C' form phase group r. Al¬ 
though the emfs of the individual coils in the 
phase group are displaced from one another 
in time phase, the resultant emf of the group 
will have llie same time phase as the coil 
which lies in the center of the group. If the 
emfs induced in the coils are assumed to be 
of sine-wave form, they could be traced as 

shown in Fig. «. wS,/tlh (SfSwiI; 

A 2-phase sjstem can be obtained by wind- „|^ armature Surface, 
ing the armature of an alternator with two 

independent phase groups so displaced as to cause one voltage to lag 
the other by 90 time-degrees. If the centers of the coils forming a 2-phase 
system are interconnected electrically, the system is called a i-phase or 
quarter-phase system. By properly spacing the windings of an alternator a 
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polyphase system with any number of phases can be formed. For an 
n-phase system the displacement between consecutive phase groups would 
be 360/n time-degrees. 

Of the various polyphase systems the 3-phase system is used most fre¬ 
quently, and because of this fact, this chapter will be chiefly devoted to 



Fig. 4-3. Three-Phase Voltage Waves. 


3-phase circuits. The 6-phase system is used chiefly for operation of syn¬ 
chronous converters, and both 6- and 12-phase voltages are used in rectifier 
circuits. 

3. Double-Subscript Notation. Direct current is assumed to flow 
from positive to negative in the circuit external to the source of emf. D-c 
circuits are generally traced by starting at the positive terminal of the power 
source and following the circuit through to the negative. Thus, positive 
and negative signs serve to simplify the task of tracing d-c circuits. Alter¬ 
nating current reverses its direction periodically and the terms positive and 
negative, except as they refer to instantaneous values of voltage and cur¬ 
rent, cannot be used to refer to the potentials of fixed positions in an a-c 
circuit. Thus, a system of notation other than the customary positive and 
negative markings used for d-c circuits would be very convenient in desig¬ 
nating the direction in which an a-c circuit is being traced. One such 
method of a-c circuit and vector notation is called the double-subscript 
method. 

Consider the ernfs of the two coils (Fig. 4-4a) to be displaced from one 
another by 120 time-degrees, and let it be required to connect these coils in 
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series so that their emfs add at 120°. Before the series connection can be 
made, it is essential to know the directions in which the emfs are traced. 
Assuming that the emf as traced from do d lags the emf as traced from a 
to b by 120°, coil end b could then be connected to coil end c to give the 
correct angular relationship for the series combination as specified. In 
double-subscript notation the symbol represents the emf as traced from 
a to 6, and Ecd the emf from c to d. The resultant emf then is Ead ~ Eab + 
Ecd- The vector diagram (Fig. 4-46) shows the relationship between the 
two coil emfs and their sum. 

If the emfs of the two coils are traced from d to a after they have been 
combined in series witli Ecd lagging Eab by 120°, the resultant would be 
Eda = Edc + Eha- The V(;ctor diagram would then be constructed and 
labeled as shown in Fig. 4-4c. Attention is called to the fact that, — Ecd = 



Fig. 4-4. Circuit and Vector Diagrams Illustrating Double-Subscript Notation. 

Edc, — Eab = Eba, and — Ead = Eda- That is, 180° displacement of a vector 
may be indicated either by interchanging the first and second subscripts of 
its symbol or by use of the negative sign. Since a symbol with double sub¬ 
script notations represents a vector quantity, the dot which is usually 
placed under a symbol to identify it as a vector is no longer needed. 

Polyphase circuit problems generally involve several voltages and cur¬ 
rents, and often appear to be complex. These problems may be greatly 
simplified: first, by drawing and labeling the circuit diagram, and second 
by constructing the vector diagram for the circuit with all voltages and 
currents indicated by double-subscript notation. 

4. Phase Sequence. The order in w Inch the phase voltages of a poly¬ 
phase system pass through tlicir positive maximum and other correspond¬ 
ing instantaneous values is called the phase sequence of the system. The 
phase sequence of the 3-phasc voltages of the alternator (Fig. 4-1) is Eaa', 
Ew, Ecc' when the field is rotating in a clockwise direction. That is, the 
voltage wave Eaa> is followed 120 time-degrees later by wave Ebb' which in 
turn is followed 120 time-degrees later by wave Ecc'- The 3-phase voltage 
waves of Fig. 4-3 occur with this phase sequence, and the vectors which 
represent these waves are shown in Fig. 4-5a. 
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On the other hand, when the field rotation of the alternator (Fig. 4-1) 
is counterclockwise, the phase sequence of the voltages is Eaa^, Ecc*y Ew as 
shown in Fig. 4-56. (Attention is called to the fact that the voltage Ecc^ 
is plotted at — 30 time-degrees from the axis of reals in the vector dia- 



Fig. 4-5. Phase Sequence of 3-Phase Voltages. 


gram, while in.the alternator (Fig. 4-1) the coil cc' is located — 150 space- 
degrees from the corresponding liorizontalj/ Likewise, Ew is plotted — 150 
time-degrees from the axis of reals, while coil 66' is drawn — 30 space-de¬ 
grees from tlie corresponding horizontal. This is due to the fact that the 
vector diagram represents time-phase relations while space relations are 
used in arranging the coils on the armature of Fig. 4-1. 

The phase sequence of the voltages applied to a 3-phase load is fixed by 
the order in which the lines are connected to the load. By interchanging 
any pair of lines the* phase sequence of the load is reversed. If the load is a 
3-phase induction or synchronous motor, reversing the phase sequence 


a 



Fig. 1-6. Three-Phase, 4-Wire, Wye-Connected System. 


causes the direction of rotation to be reversed. If the load is unbalanced, 
reversing the phase sequence will give different values to the line currents. 
Hence, in order to avoid confusion it is essential that the phase sequence be 
specified when calculating imbalanced 3-phase systems. Unless otherwise 
stated the phase sequence of 3-phase circuit problems presented in this 
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chapter should be assumed as £Joa, Eob, Eoe in order to check the answers 
given by the author. 

5. Voltage Relations in Balanced Wye Systems. When the 3-coil 
groups of the alternator (Fig. 4-1) are electrically insulated from one 
another, 3 separate single-phase loads are required to load the 3 phases of 
the machine. In this case 6 wires would be needed for the connection 
between the alternator and the load. This type of 3-phase system is not 
used in practice. If coil ends a', 6', and c' are connected together and one 
wire is brought out from this junction as shown in Fig. 4-6, the number of 
wires required between allernator and load would be reduced to four. 
This interconnection forms a 3-phase, ^-wire, wye system. The three wires 
connected to coil ends a, 6, and c are referred to as the line wires, and the 


a 



Fig. 4-7. Circuit and Polygon-Type Diagrams of Voltages in a Balanced Wye 

System 

fourth wire which connects to the junction of the 3-phase groups is called 
the neutral wire. Three-phase, 4-wire, wye systems are in general use and 
are particularly applicable in a-c network systems which supply single¬ 
phase lighting loads as well as 3-phase motor loads. 

When the currents in the 3-line wires of a wye system have equal magni¬ 
tudes and are displaced from one another by 120 time-degrees the system 
is said to be balanced. Under balanced conditions no current floap in the 
neutral wire between the source and the load and the neutral wil|| can be 
removed without changing current and voltage values in Ihe system. The 
system thus formed without the neutral wire is a 3-phase, 3-wire, wye sys¬ 
tem. Three-phase, 3-wire, wye systems may be used for transmitting 
power to balanced loads. In general, 3-phase electrical equipment such as 
motors, heaters, etc. are constructed with 3 identical impedances, and if 
these impedances are wye connected they form a balanced wye circuit. 
It is customary practice to bring out 3 wires for connecting equipment of 
this type to the line. 

The voltage between the neutral wire and each line wire (Fig. 4-6) is 



POLYPHASE SYSTEMS 


99 


called a phase voltage and the voltage between any 2 line wires is called a 
line voltage. In a balanced wye system a definite relationship exists be¬ 
tween the phase and line voltages. In order to form a wye system the 
pheise groups must be combined so that the line voltage across any 2 
phase groups equals the vector difference of the phase voltages, or in other 
words, the line voltage equals the phase voltages combined subtractively. 
Fig. 4-7 shows the relationship between phase and line voltage vectors in 
a wye system with a polygon-type diagram, while Fig. 4-8 shows the same 



Fig. 4-8. Circuit and Polar-Type Diagrams of Voltages in a Balanced Wye System. 

relationship with a polar-type diagram. It is evident from either diagram 
that the line voltages, 

Ejfa ~ E(,n “f" Ena 
Ecb = Ern + Enb 
Eac ~ Ean H” Enc 

For a balanced wye system tlie magnitude of the line voltage as deter¬ 
mined by the law of cosines is 

Ei^ = 2£;„6EnaCos 12Q° 

Or, if it is more apparent in Fig. 4-8 "" 

Eba = ^Ebn + Ena + 2EbnEnn COS 60° 

If the line voltage and phase voltage are represented by El and Ep respec¬ 
tively, these symbols may be substituted in either of the two preceding 
equations to obtain, 

El^ ^Ep-= L7i2Ep 


(4-1) 
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Attention is called to the fact that in a balanced wye system the line voltage 
lags or leads one of its component phase voltages by 30° and the other by 
150°. As to whether the line voltage lags or leads the component phase 
voltages depends on the direction in which the circuit is traced. 

Example 4-1; In a balanced, 3-phase wye system the magnitude of the 
phase voltage is 120 volts. Determine the magnitude of tlie line voltage. 

Solution. 

El = 1.732Ep = 1.732 X 120 = 208 volts Ans, 

Example 4-2: The magnitude of the phase voltage of the balanced, 
3-phase, wye system (Fig. 4-8) is 100 volts. Express each phase and line 
voltage in both polar and iVictanguIar coordinates. 


Solution. 

Ka = 10 0/90° 0 + y 100 ^m-. 

Ent = 10O\3r = 86.6 - j 50 Ans. 

Enc = 100\150° = - 86.6 - j 50 Ans. 

Eba = Ebn + Ena = — 86.6 + J 50 + 0 + ^ 100 

= - 86.6 + j 150 = 173. 2/120° Ans, 

Ecb = Ecn + Enb = 86.6 + J 50 + 86.6 — j 50 

= 173.2 + 70 = 173.2/0° Ans, 

Ear. = Ean + E.. = 0 - J 100 ~ 86.6-7*50 

= - 86.6 - 7 150 = 173.2\120° Ans. 


Problem 4-1; The iruigriitudc of the line voltage in a balanced, 3-phase, wye 
system is 4150 volts. Di^terinine the magnitude of th(^ pliase voltage. 

Problem 4-2: The magnitude of the lino voltage of a balanced, 3-pliase wye 
system is 480 volts. Draw' the circuit and vector diagrams, placing Ena along the 
axis of reals and labeling the phase voltages in the secjuence Enaj Enh, Enc^ 
Express f^ach phase and hnc voltage in both polar and rectangular coordinates. 

^a'a 


a’ -^ a 



Fig. 4 9. Current Kelalions in a 4-Wire, \\ y(‘-Wye System. 
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6 . Current Reiaiions in Balanced U'ye Systems. Fig. 4-9 shows a 

3-phase, 4-wire, wye load connected to a 3-pha&e, 4-wire, wye source. It 
is evident that the line current la^a is the same as the generator phase 
current In'a' and the load phase current hn- Also, /&/& is the same as 
Infb' and Ibn, and Icfc is the same as Inu' and Icn- Thus, in a wye system 
II = Ip- The current in the neutral wire can be expressed in terms of 
the current in the 3 line wires by writing Kirchhoff’s current law for the 
junction n. + y^,^ + y^,^ = 0 

Inn' ~ la'a “f~ Ib'b ”f“ Ic't (4-2) 

Wlicn the load is balanced, the line currents have equal magnitudes and 
are displaced from one another by 120 lime-degrees. Under this condition 
the vector sum of the line cur¬ 
rents is zero, and no current 
flows in the neutral wire. 

7. Voltage Relations in Bal¬ 
anced Delta Systems. If coil 
end a' (Fig.'~4-1) is connected to 
b and coil end 6' is connected to 

the cmfs of the three coils 
will be combined additively with 
an angle of 120 time-degrees 
between any two coil emfs. The combined emf 

Eac' = Eaa' + Ebbf + Etc' 



Line Wire 
to Load 


Fig. 4-10. Three-Phast‘, Delta-Connected 
Alleniator. 


When the magnitudes of the pliase emfs are equal, and when the angle 
between any two emfs is 120 time-degrees, the value of Eac' will be zero 
and coil end a can be connected to c' as shown in Fig. 4-10. A lead is 
brought out for connection to the line from each junction of two coils. 
This method of interconnecting the coil groups of a 3-phase alternator 
forms a della system. 



Fig. 4-11. Vector Diagrams of Voltages in a Balanced Delta System. 
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Fig. 4-11 shows the polygon and polar vector diagrams of the emfs for 
a delta-connected generator in which the emfs are balanced. It is evident 
that the line voltages and the phase voltages are the same in the delta 
connection, i.e., El = Ep, 

8 . Current Relations in Balanced Delta Systems. In Fig. 4-12 a 

delta load is shown connected across a delta source. The line current la^a 


la*a 



Fig. 4-12, Current Relations in a Delta Systeu). 


may be expressed in terms of the load phase currents hb and he by writing 
Kirchhoff’s current law about junction a. That is, 

la'n “f~ ha ”f" ha ~ 0 

h'a ~ he “f“ htb 

In a similar manner line currents h'b and h'e may be written in terms of 
load phase currents as follows: 

h'b = ha -{-he 
Ie'e ^ hb “1“ Ica 

A definite relationship exists between the phase current and the line 
current in a balanced della system. This relationship is shown by the 
polar vector diagram for a balanced delta load. Fig. 4-13. Phase current 
hb is assumed to lie along the axis of reals, and phase currents he and Iha 
follow in the order given, each displaced from the other by 120 time- 
degrees. Phase currents hr and ha are combined subtractively at 120° 
time phase to obtain hfa\ ha and hb are combined subtractively at 120° 
to obtain h'b', and Icb and he are combined subtractively at 120° to obtain 
/tf/c. The magnitude of the line current in terms of the phase current as 
determined by the law of cosines is, 


h'a = V^/«c‘'^ + /«fc^ + 2/aJai>COS60° 
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If the line current and phase current are represented by the symbols 
IL and /p, respectively, these symbols may be substituted in the preceding 
equation to obtain, 

= Vs Ip = l.isilp (4-3) 

Attention is called to the fact that the line current in the balanced delta 
system leads or lags one of its component phase currents by 30° and the 



Fig. 4-13. Diagrams of Phase and Line Currents in a Balanced Delta System. 

other by 150°. Here again the lead or lag relationship depends on the 
direction in which tlie circuit is traced. 

Three-phase delta-connected equipment, such as motors, heaters, etc., 
is constructed with 3 identical impedances, and, hence, constitutes a bal¬ 
anced delta load. Equation 4-3 is applicable to leads of this type. 

Example 4-3: The phase emrrent in a balanced delta system has a magni¬ 
tude of 10 amp. Determine the magnitude of the line current. 

Solution. 

Il = 1.732/p = 1.732 X 10 = 17.32 amp. Ans. 

Problem 4-3: The magnitude of the line current drawn by a 3-phase balanced 
delta load is 145 amp. Determine the magnitude of the phase current. 

Problem 4-4: The 3 single-phase windings of a 3-phase alternator each have 
ratings of 2400 volts and 416 amperes, (a) Determine the raUnl line voltage and 
line current when the coils are wye connected; (b) when delta connected. 

Problem 4-5: The low voltage coils of 3 single-phase transformers each have 
ratings of 120 volts and 625 amperes, (a) Determine the line voltage and line 
current ratings on the low voltage side of the 3-phase bank when the 3 low voltage 
coils are wye connected; (6) when delta connected. 

9. Current in the Neutral of Unbalanced Wye Systems. When 
three impedances of different values are interconnected to form a 4-wire, 
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wye system, phase currents of different magnitudes will flow in the system 
when a 3-phase voltage is applied. Also, if the ratios of resistance to react¬ 
ance in the 3 impedances are different, the displacement angle between 
the phase currents will not be 120°. When either or both of these condi¬ 
tions exists, the system is unbalanced and current will flow in the neutral 
wire. The neutral current is given by equation 4-2 (see Fig. 4-9) in terms 
of line currents as 

Inn' “ I a'a "I" Ih'b “f" Ic'c 

Expressed in phase current notations, equation 4-2 becomes 

Inn' = /ttn + I bn + I cn (4-4) 

Example 4-4: The phase currents in a 4-wire, wye-connected load are 
as follows; hn = 10/0°, hn = 12\150°, = 8 /165° . Determine the cur¬ 

rent in the neutral wire. 



Solution. See Fig. 4-14. 

Ian = 10/0°|^= 10.00 + j 0.00 amp 
hn = 12\T^ = ~ 10.39 - j 6.00 amp 
Icn = 8 /165° = - 7.76 + j 1.94 amp 
Inn' = 10.00 + y 0.00 - 10.39 - y 6.00 - 7.76 + y 1.94 
= -_8.j5 -_y 4.06_ 

Inn\e =V(-'SA3y + (- 4.06)2\tan-1 4 .O 6 /- 8.15 

= 9.1\153°30' Ans. 


Problem 4-6: The 3-phase currents in a 4-wire, wye-connected load are I an = 
64\3()°, Ibn - 52\135°, Icn = 35 /75°. Assuming {diasc sequence to be a 6 c 
determine the current in the neutral wire. 

Problem 4-7: In a 4-wirc, wye-connected, unbalanced load, I an = 16\26°, 
Icn ~ 18\14 0 “ , and Ihn = 14 / 150 ° . Assuming the phase sequence to be a c b, deter¬ 
mine the neutral current. 
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10. Unbalanced 3-Wire, Wye-Wye Systems. Three unlike impedances 
Zi, Z 2 , and Z 3 are connected to a 3-wire, 3-phase generator as shown in 
Fig. 4-15. The impedance of each generator phase winding is represented 
by Zq, and the impedance of each line wire between generator and load 
is represented by Zl- The induced phase voltages of the generator 6 u*e 
represented by En^t^, and En^c' with phase sequence in the order as 
stated. When the phase ernfs, and the generator, the line, and the load 
impedances are known, the currents and voltages of the system may be 



Fig. 4-15. Unbalanced, 3-Wire, Wyc-Wye System. 


computed by applying Rirclihoff’s current and voltage laws. 

The current equation at junction n (Fig. 4-15) is 

la'a + Ib'b + h'r = 0 (4-5) 

Assuming one positive circuit direction for tracing to be n' a' a n b b' n\ 
the voltage equation for this circuit is 

En'a/ la'a {Zq + Z’l + Zi) — Ibbf {Zq + Zl + Z 2 ) — En'b* = 0 (4-6) 

Assuming the second positive circuit direction for tracing to be n' 6 ' b 
nc n/, the voltage equation for this circuit is 

En'b' h'b {Zq + Zi, + Z 2 ) Icc' (Zg + Zl + Z 3 ) — En'c' = 0 (4-7) 

To simplify equations 4-6 and 4-7, set 

Zo = Zg + Zl + Zi 
Zb = Zg + Zl + Z2 
Z« = Zg + Zl + Z 3 

Rearranging equations 4-6 and 4-7 with the symbols Za, Zb, and Zc, and 
at the same time substituting for — Ibb' its value /b/b, and for -■ Icc^ its 
value Ic>c, 


Efi'a' Efiff}' ^a'a^a "4“ ib'b^b ^ 
Efifh* ““ Entcf ““ Ib'hZb "f" Ic'c^c ■“ ^ 


(4-8) 

(4-9) 



106 ALTERNATING-CURKENT CIRCUITS 

In terms of line emfs, 


En'a' — En'hf — Eb'n' 4 " En'a' ~ Ef^a' 

En'b' — En'c' = Ec'nf "4" En'b' = Ecfb^ 


Substituting line emfs for phase emfs, equations 4-8 and 4-9 become 

Ebfaf — la'aZa 4“ Ib'hZb = 0 (4-10) 

Ectbf — Ib'bZb + / c'c Zc = 0 (4^11) 


Substituting the equivalent of h^c = (— h'a — h^b) from equation 4-5 in 
equation 4-11 and solving for h^b, 

Ec>h* Jb'bZb ~~~ Ih'bZc ~~ Ia*aZc ” 0 

r Ecfb' IafaZc (A 1 ON 

h'b - y- ' X y - (4-lJ) 

Zfc -h Zc 

Solving for h^b from equation 4-10, 


Ib'b = 


Eb'gf 4 ~ IgtaZg 

Zb 


(4-13) 


Equating the equivalents of h^b in equations 4-12 and 4-13 and solving 

for /a'a, 


/ = Ec'h'Zb 4" Ebtgf {Zb 4- Zc) 

{Zb + Zr) 


(4-14) 


In a similar manner it can be shown that 


] = Erfh'Zg — Eh'gfZg 

ZiZ. + Za {Z, + 

f c'c -ftt'a Ih'b 


(4-15) 

(4-16) 


Attention is called to the fact that the denominators of equations 4-14 
and 4-15 are identical. That is, 

D = ZbZc 4 “ Za (Zb 4 “ Zc) 


The phase voltages of the load are 

Erxn — J a'aZ\ 


1 hn /b'bZ2 
Vcn — Ic'cZz 


Each line voltage at the load can be determined by combining subtractively 
the phase voltages which form its components. That is, 


Taft — Tan Tftn 
Tft. = Tftn - Vcn 
T.„ = T.n ~ Tan 


Example 4-5: Given the following values for the circuit of Fig. 4-15, 
determine: (o) the line currents; (6) the phase voltages; (c) the line volt- 
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ages; (d) the alternator impedance voltages; and (e) the line impedance 
voltages. Solve with phase sequence En'a', En>h>, En>c. 

E„,a> = 2400 + JO = 2400/0° volts 
En'h' = - 1200 - j 2080 = 2400^20® volts 
= - 1200 + / 2080 = 2400 /120° volts 
= 1 + j 4 = 4.13 /75° 58' ohms 
Zi = 6 + y 4 = 7.21 /33° 42' ohms 
Zi = 34.7 + y20.0 = 40 /30° ohms 
Zs = 50.0 + y 0 = 50/0° ohms 
Z 3 = 42.4 + y 42.4 = 6 0/45° ohms 

Solution. 


(a) Za =- Zo + Zl + Zi = 41.7 + y 28.0 = 50.3 /33° 5r ohms 
Z 5 = Zo + Zl + Z 2 = 57.0 + y 8.0 = 57.6/8^ ohms 
Zc = Zo +Zl+Zs = 49.4 + y 50.4 = 70.6 /45° 34' ohms 
Ec- 6 - = 1200 - y 2080 - 1200 - y 2080 
— 0 — j 4160 = 4160\90® volts 
Eb>a' = 1200 + y 2080 + 2400 - y 0 
= 3600 + y2080 = 4160/30° volts 
Zb + Zc = 57.0 + y" 8.0 + 49.4 + y 50.4 

= 106.4 +y58.4 = 121.4 /28° 44' ohms 

Solving for the denominator of equations 4-14 and 4-15, 

D = (57.0 +y8.0)(49.4 -j-y 50.4) + (41.7 -}-y 28.0) 

(106.4 -hy 58.4) = 5217 -|-y 8680 = 10,120 /58° 56' ohms^ 


Solving for h'a, h-h, and Ic><- by substituting in equations 4-14,4-15 and 4-16, 
(4160\90®)(57.6/8°) -|- (4150/30°)(121.4/28° 44') 


(ft) 


I a'a “ 


Ih'b = 


10,12 0/58° 56' 

Ans. 

(4160/30°)(70.6/45° 34') 


353,500/33° 17' 

10,120 /58° 56' ^ ^ 

(4160^90®) (50.3/33° 51') 


10,120/58° 56' 


= = 45.3\r43°'32' amp 

10,120 /58° 56' ^ 

= - (34.9\25° 39') - (45.3^41^3?) 

= - 31.4 -f y 15.1 -I- 36.4 + j 26.9 
= 5.0 + j 4,2.0 = 42.3 /83° 13' amp 

Van = h'aZi = (34.9\25® 39') (40/30°) 

= 1396 /4° 21' = 1391 + y 106 volts 
Vbn = h'bZi = (45.3X143° 32')(50/0) 

= 2265\143® 32' = - 1820 - y 1343 volts 


Arts. 

Ans. 

Ans. 

Ans. 
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Vcn = Ic^cZs = (42.3 /83° 130 (60/45^) 

- 253 8/128° 13^ = - 1568 + j 1992 volts Ans. 

(c) Va, = Van ^ Vtn = (1391 + J 106) ~ (~ 1820 ~ J 1343) 

= 3211 + J 1449 = 3520 /24° 17^ volts An^. 

Kc = Vb„ - Kn= (- 1820 ~ J 1343 ) - (~ 1568 +/1992) 
= ~ 252 - J 3335 = 3344\94° 19' volts Arts. 

Vra - Vcn ^ Van = 1568 + ^ 1992) - (1391 + /106) 

= - 2959 + j 1886 = 3509 /147° 28' volts Am, 

(d) la^aZo = (34.9\25° 39') (4.13 /75° 58' ) 

= 144/ 50° 19' volts Am. 

= (45.3\143° 32') (4.13/75° 58') 

- 187\67° 34'volts An.s, 

Ic.cZo = (42.3 /83° 13' ) (4.13 /75° 58' ) 

= 174.5 /159° 11' vol ts A ns. 


(e) h^aZL = (34.9\25° 39') (7.21 /33° 42' ) 

= 252/8 ° 3' volts Ans, 

ImZL = (45.3\I4^^0 (7.21 /33° 42' ) 

= 326\109° 50' volts Ans, 

1,cZl = (42.3 /83° 1 3') (7.21 /33° 42' ) 

= 305/ 116° 55' volts Ans, 


The vector diagram (Fig. 4-16) is plotted from the given and computed 
data of example 4-5. The generator phase ernfs En^b^j and En^c' are 
plotted from the intersection of the coordinate axes, with En'a' on the axis 
of reals. The generator line ernfs Ea^c', Eo^a', and Ec^y form an equilateral 
triangle which encloses the phase ernfs. Generator, line and load imped¬ 
ance voltages for eacii path between n' and n (Fig. 4-15) are combined 
subtractively from the end of the respective phase ernfs, and form the 
junction n on the vector diagram (Fig. 4-16). Attention is called to the 
fact that n does not fall on n', i.e., a difference in potential exists between 
the junction of the three generator phase windings and the junction of 
the three load impedances. The magnitude and direction of this voltage 
(not shown on diagram) could be represented by a vector connecting 
7?/ to n. 

The voltages between line wires at the load terminals (not shown in 
Fig. 4-16) could be represented by vectors connecting the arrow heads of 
Vam Vbm 3nd V,;n, 

11. Unbalanced 4-wire, Wye-wye Systems. The voltages and cur¬ 
rents in an unbalanced 4-wire, wye-wye system (Fig. 4-17) may be deter¬ 
mined in a manner similar to the method previously described for the 
3-wire, wye-wye system. The addition of the neutral wire introduces a 
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fourth unknown current, and hence, four equations are required to 
determine the unknown values of voltage and current when the emfs and 
the impedances are known. The current equation at n is ' 

Innf = /o'a + Im + Ic'c (4rl7) 



a' ^ 



Fig. 4-17. Unbalanced, 4-wire, Wye-wye System. 
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With positive circuit direction, n' a' an n\ 

(Zq + Zl + Zi) — Inn'Zn = 0 (4-18) 

With positive circuit direction, n' b' b n n\ 

En'bf Ih^h {Zq + Zl + Z 2 ) ~ Inn'Zn = 0 (4-19) 

With positive circuit direction, c' c n n', 

En'cf Ic'c {Zq + Zl + Z 3 ) *“ Inn'Zn = 0 (4-20) 

To simplify equations 4-18, 4-19, and 4-20, set 

Zo = Zq + Zl + Zi 
Zfr = Zg + Z/, + Z 2 
Zc = Zq + Zl + Z 3 


Substituting Za, Z^, and Z^ in equations 4-18, 4-19, and 4-20, respectively, 
and at the same time expressing these equations in terms of the line cur¬ 
rents, 


I a'a — 


En'gf _ Inn'Zn 

Za 


(4-21) 


T _ En'b' Inn'Zn 

^b'b - ^ - 

Zb 


(4-22) 


Ic'c - 


En'c' — In 


.'Zn 


(4-23) 


The solution of equations 4-17, 4-21, 4-22, and 4-23 for either la'a, 
Ib'b, or Ic'c in terms of emfs and impedances is an involved and laborious 
task. The neutral current Inn' may be determined with less involved pro¬ 
cedure. Hence, the solution of unbalanced, 4-wire, wye-wye systems is 
simplified by first determining the numerical value of the neutral current 
for the particular case being considered, and then substituting this value 
of Inn' in equations 4-21, 4-22, and 4-23. 

Substituting the values of /«/«, h'b, and 7^/^ from equations 4-21, 4-22, 
and 4-23 into equation 4-17, 


I nn' — 


Eri/a' Inn'Zn En'b' 7 nn'Zn En'c' Inn'Zn 


Za 


+ 


z, 


+ 


Solving for Inn' in terms of emfs and impedances. 


En'a'ZbZc -f* EjitbfZgZc "t" En'c'ZgZb 
(ZaZbZe) + Z, {ZbZr. + ZaZe + ZaZb) 


(4-24) 


Problem 4-8; The phase emfs of a three-wire, wye-connected generator have a 
magnitude of 6600 volts, and the impedance of each generator phase is 9/75 ohms. 
Three impedances Zi — 7 0/20° ohms, Z 2 = 60\15° ohms, and Zs = 8 0/40° ohms 
are connected to form a 3-wire, wye-connected load across the line wires from the 
generator. The impedance of each line between the generator and the load terminals 
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is 1 5/30° ohms. Zi is connected across Ean, Z 2 is connected across Ebn, and Zz 
across Ecr^ Assume the phase sequence to be En^a'^ En^b', En'c'> Solve the problem 
with En'a' considered to lie on the axis of reds. Determine (a) the current, in 
each line; ( 6 ) the phase voltage across each leg of the load; (c) the line voltage at 
the load terminals; (d) the generator phase impedance voltages; and (e) the line 
impedance voltages. Construct a vector diagram similar to Fig. 4-16. 

Problem 4-9: Assume the following values for the unbalanced, 4-wire, wye-wye 
system of Fig. 4-17 and determine: (a) the current in the neutral; ( 6 ) the current in 
each line wire; (c) the phase voltages at the terminals of the load; (d) the generator 
impedance voltage for each phase; (e) the line impedance voltage for each phase. 
Construct a vector diagram with the values given and obtained which will be 
similar to the vector diagram of Fig. 4-16. A vector from n to n' wiU represent the 
impedance voltage of the neutral wire. 

En>af = 120 + y 0 volts 
En>h' = — 60 — y 104 volts 
En>cf = — 60 + y 104 volts 
Zq - 0.02 + y 0.05 ohms 
Zx, = 0.06 -f y 0.04 ohms 
Zn — 0.12 + y 0.04 ohms 
Zi = 0.5 + yo.5 ohms 
Z 2 = 0.6 — y 0.2 ohms 
Z 3 = 0.8 + y 0 ohms. 

12 . Wye Equivalent of a Della-connected System. The wye-con- 
nected system (Fig. 4-18a) is equivalent to the delta-connected system 
(Fig. 4-186) when the impedance between any pair of corresponding line 


^ A 



Fig. 4-18. Equivalent Wye and Delta Systems of Impedances. 

wires for both systems are the same, the third line wire being disconnected. 
With line wire A disconnected, the impedance between B and C is as 
follows: For the wye system, 

ZjI + Zz 


Zb (Z„ + Z.) 


Za + Zfe + Zfi 


For the delta system. 
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And when the systems are equivalent, 


= 


Zc {Zg -■[“ Zl^ 

Za + Z& + Zc 


(4-25) 


For equivalent wye and delta systems with line wire B disconnected, 


y 4_ y — + Zc) 

Z, + Z5 + Zc 


and with line wire C disconnected, 


Z. + Z, + Zc 


(4-26) 


(4-27) 


Solving equations 4-25, 4-26, and 4-27 simultaneously for Zi, Z 2 , and Z 3 
gives 


Zi = 

Z2 = 

Z3 = 


ZcZ, 


Za + Zb + Zc 

_ ZhZc _ 

Za + Zb + Zc 

ZgZc 

Za + Zb + Zc 


(4-28) 

(4-29) 

(4-30) 


When the delta system is balanced Z„ = Zb = Zc. Representing each 
of the three equal impedances of llie delta system by Z^, and the imped¬ 
ance of each phase of the equivalent wye system by Zy, equations 4-25, 
4-26, and 4-27 for a balanced system become 

' g = V («|) 


13. Delta Equivalent of a Wye-Connected System. The delict 
equivalent of a wye-connected system may be obtained by solving equa¬ 
tions 4-25, 4-26, and 4-27 simultaneously for Z„, Zh, and Zc. This pro¬ 
cedure gives 




Z\Z% -|- Z^Zt 4~ Z 3 Z 1 

Z^ 


(4-32) 


Z, = 


Zc = 


Z\Z2 -h Z j Z^ -f- Z'jZi 

z, 

Z\Z2 -j- Z^Zz -h Z'^x 

Zi 


(4-33) 

(4-34) 


When the wye system is balanced Zi = Z 2 = Z 3 . Representing each 
phase impedance of the wye system by Zy and each of the three imped¬ 
ances of the equivalent delta system by Z^, equations 4-32, 4-33, and 4-34 
for a balanced system become 


Zci = 


3Zy^ 

Zv 


3Zy 


(4-35) 
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Problem 4-10; Three impedances, each equal to 20+7*15 ohms, are inter¬ 
connected to form a balanced delta system. Determine the equivalent wye im¬ 
pedance for each phase of the wye. 

Problem 4-11; The impedances of the delta-connected system (Fig. 4-186) 
are Za = 12 + 7 0 ohms, Z 6 = 8 + 7 6 ohms, and Zc = 10 + 7 5 ohms. Determine 
the equivalent wye impedances Zi, Z 2 , andZa as shown in Fig. 4-18a. 

Problem 4-12; Three impedances, each equal to 1.5 — 7 12 ohms, are inter¬ 
connected to form a balanced wye system. Determine the impedance for each leg 
of an equivalent delta system. 

Problem 4-13; The impedances of a wye-connected system arc 50 + 7 20 ohms, 
40 — j 30 ohms, and 60 + 7 0 ohms. Determine the impedances of an equivalent 
delta circuit, and sketch the two systems showing the relationships of the wye 
and delta impedances in respect to the 3-line wires. 

14. Other Unbalanced 3-phase Systems. The computation of cur¬ 
rents and voltages in unbalanced wye-delta, delta-delta, and delta-wye 
systems by the Kirclihoff law method is impracticable because of the 
great amount of work involved in solving six or more simultaneous equa¬ 
tions. Systems of these types are usually solved by first converting them 
into equivalent 3-wire wye-wye systems, and then proceeding with the 
method given in article 10. 

15. Unbalanced Della Systems — Fixed Voltages Assumed at the 
Load Terminals. In practice, the generator and line impedance voltages 




Fig. 4-19. Diagrams for Example 4-6; Phase Sequence Ech, Eac, Eta- 

in 3-phase systems are frequently small enough to be neglected. When 
this is done, balanced voltages having fixed values may be assumed between 
lines at the terminals of the load. This assumption greatly reduces the 
work required to compute current values. 

For a balanced delta system, Ip (equation 4-3). No definite 

relationship exists between line and phase currents in an unbalanced delta 
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system. However, if the phase currents are known, or if they can 
determined from line voltages at the termineds of the load which 
assumed to be fixed and the load impedances, the line currents in 
unbalanced delta system can be determined in a simple manner. 

Example 4-6: The voltage impressed on the unbalanced delta system of 
impedances (Fig. 4-19a) has a fixed value of 220 volts between line wires 
and is assumed to be balanced. Zi = 10 — y 7 ohms, Z 2 = 12 + j 4 ohms, 
and Z3 = 8 + y 6 ohms. Determine the phase and line currents, first with 
phase sequence Ecb, Eac, Eba and then with phase sequence E^b^ Eha, Eac- 

Solution. Phase sequence Ecb, Ear, Eba, with Ecb assumed to lie on the 
axis of reals. See Fig. 4-19. 


Ecb 

Icb 

Eac 

I ac 

Eba 

Iba 


= 220 + j 0 

= 220 + yo ^ 220 + y 0 10 + jl 
10-ji 10-ji *io+y7 

= = 14.76 +j 10.33 amp 

149 

= 220 (cos 240° + y sin 240°) = - 110 - J 190.5 
^ - no - ./190.5 ^ - no - j 190.5 12 -y4 
i2+y4 i2+y4 'i2-y4 

= ~ = - 13.02 - j 11.53 amp 

loO 

= 220 (cos 120° + y sin 120°) = - 110 +y 190.5 
110+y 190.5 110+y 190.5 8 -y6 

8+y6 8+y6 ■8-y6 

= = 2.63 + y 21.84 amp 


/a-a = /,«. + /<*=- 13.02 - y 11.53 - 2.63 - j 21.84 


= — 15.65 — y 33.37 amp Ans. 

LJagra = V(- 15.65)» + (- 33.37)^' /tan-» - 33.37/- 15.65 

= 36.86\115° 8' amp Ans. 

Ib-b = /(«. + Ibc = 2.63 +y 21.84 - 14.76 - j 10.33 

= — 12.13 + y 11.55 amp Ans. 

Ib,i/ab,b = V(- 12.13)2 + ( 11 . 55)2 /tan-» 11.55/- 12.13 

= 16. 8/133° 36' amp Ans. 

Ic-c = Icb+ Ica = 14..76 +y 10.33 + 13.02 +y 11.53 

= 27.78 + y 21.86 amp Ans. 

Ic'c/otcc = V27.78=* + 21.86« /tan-> 21.86/27.78 

= 35.3 5/38° 17^ amp Ans. 


Solution. Phase sequence Ecb, Eba, Eac, with Ea, assumed to lie on the 
axis of reals. See diagrams, Fig. 4-20. 


g i S' 




Ecb — 220 -I" y 0 volts 
j _ 220 +./0 _ 220 +i0 10 + y7 

10-y? lo-yT'io+y? 

= = 14.76 + y 10.33 amp 

Eta = 220 (cos 240“ + j sin 240°) = - 110 - y 190.5 volts 
r - no - y 190.5 _ - no - y 190.5 8 - yo 
8+y6 8+y6 ■8-y6 

= ~ — = - 19.43 - y 9.24 amp 

Eac. = 220 (cos 120° + y sin 120°) = - 110 + y 190.5 volts 
I = -110 +■/ 190.5 ^ - 110 + y 190.5 12 - y 4 
“ i2+y4 i2+y4 ' 12 - 7-4 

= ~ = ~ 3-49 + J 17.04 amp 

160 

h'a = lac.+ U=- 3.49 + y 17.04 + 19.43 +y9.24 

= 15.94 + y 26.28 amp Am. 

la.alaa,a = Vl5.942 + 26.28^ /tan"* 26.28/15.94 

= 30. 7/58° 46' amp Am. 

Im = Ita + Itc=- 19.43 - y 9.24 - 14.76 - j 10.33 

= — 34.19 — y 19.57 amp Am. 

= V( - 34.19)^ + (- 19.57)^ /tan-» (- 19.57)/(- 34.19) 
= 39.4\150° 11' amp Am. 

Ice = let + lea = 14.76 + y 10.33 + 3.49 - j 17.04 

= 18.25 — y 6.71 amp Am.. 

Ice/ace = VI 8.252 + (- 6.71)» /tan-> (- 6.71)/18.25 

= 19.6\20° 12' amp Am. 
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Problem 4-14: The 3 bus bars leading from a bank of delta-connected trans¬ 
formers supply three 440-volt, 60-cycle single-phase loads. The first is connected 
across busses a and c, and draws 120 amp at 80 per cent lagging power factor. The 
second, connected across busses h and a, draws 100 amp at 90 per cent leading 
power factor, and the third, connected across busses c and 6 , draws 140 amp at 
unity power factor. Determine the current in each of the three busses. Assume 
the bus voltage to be balanced, to be fixed at 440 volts, and the phase sequence 
to be Ebat Eacy Ecb- Solve by placing Eae on the axis of reals. 

Problem 4-15: Three impedances Zi = 40 + j 16, Z 2 = 28 +y 24, and Z 3 = 
35 + j 21 are connected to form a delta load across the voltages Eacy Ebay and Ecb 
respectively. Assume the voltage to be balanced and to have a fixed magnitude of 
2200 volts. Determine the current in the 3 lines feeding this load. The phase 
sequence is Eacy Ecby Eba- Solve by placing Eba along the axis of reals. 

16. Combination 3-phase Systems. Usually a generator supplies 
power to several wye and delta loads at the same time. In addition, sev¬ 
eral single-phase loads may be connected to the same source. A single¬ 
phase load on a 3-wire, 3-phase system would be connected between a 



pair of line wires, and, hence, would be similar to one leg of a delta system. 
When loads of different types are connected to a 3-wire, 3-phase source, 
and when the voltages at the terminals of the loads can be considered 
fixed, a simple method of determining the currents in the system with 
voltages and impedances known is to convert all wye-connected imped¬ 
ances to equivalent delta impedances. The phase currents in each load 
are then computed and the line currents are obtained by use of Kirchhoff’s 
current law. 

Example 4-7 1 Determine the current in each line wire for the combined 
load of Fig. 4-21. Consider the line voltages at the terminals of the load 
to be fixed and the phase sequence to be Ebay Ecby Eac* The voltage and 
impedance values are as follows: 


Eba == 2300 + y0 = 2300/0^ volts 

~ 1150 - j 1992 = 2300\I20^ volts 
Eac = - 1150 + y 1992 = 2300/120° volts 
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Zi = 40 + j 20 = 44.72 /26^ 34^ ohms 
Za = 30 + j 50 ~ 58.31 /59^ 3^ ohms 
Zz = 60 +y0 = 60/01 ohms 
Za> = 80 +y 10 = 80.62/71^ ohms 
Zft, = 90 +y 30 = 94.87 /18° 26^ ohms 
Z,. = 70 +y70 = 98.99/45° ohms 
Z^,. = 100 + y0 = 100/0° ohms 

Solution. See vector diagram Fig. 4-22. 



Fig. 4-22. Vector Diagram for Example 4-7. 


Converting wye impedances Zi, Z2, and Z3 to equivalent delta impedances> 

f7 __ Z1Z2 + Z2Z8 + Z3Z1 
-^ 

= = 138.8 - j 4.71 ohms 

30 + j 50 •' 

Z5 = ^1^2 "!"• Z2Z3 + Z3Z1 

= = 73.3 + j 113.3 ohms 

60+y0 •’ 

rj _ Z1Z2 + Z2Z3 + Z3Z1 
- 

= = 156.0 + y92.0 ohms 

40 + J 20 ^ 
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Icfhf ~ 


Z/af* 

/lo = lac + li 



- 1150 - J 1992 _ 

Zc 

156.0 +y 92 

Eac _ 

- 1150+y 1992 _ 

Za " 

138.8 -y 4.71 

Eba _ 

-Q - 23.00 

Zh» 

90 + y30 

^ = 

- 1150 -y 1992 _ 

Zc' 

70 +y70 

^ = 

- 1150 + y 1992 

Zaf 

8o+yio 

Eac _ 

- 1150 + yi992 _ 


11.05 — j 6.25 a«ip 


100 +j0 
» "}■ la'c' "f" Ia*b' “f" 


■ J 6.01 amp 


11.50 + j 19.92 amp 


= - 63.66 + j 82.29 = 104.1 /127° amp 

l2b = ha + he + h*a' + h'c' 

= 65.76 - 7*9.81 = 66.5\rW amp 

he ~ hb “h ha "f* fc'b* "1“ h'a' 

= - 2.10 - j 71.78 == 71.8\9P‘40' amp 


Ans. 


Arts. 

Ans. 



Problem 4-16: Determine the current in each line wire for the combined load 
of Fig. 4-23 with fixed voltages assumed across the terminals of the loads. Solve 
for phase sequence Etaj Ecb, Eae* The voltages and imj)edaiices are as follows: 

Eba = 460 4-70 = 460/0° volts 
Ecb=^~ 230 - 7 399 - 460\l26® volts 
Ear - - 230 + j 399 = 46 0/120° volts 
Za = ^^j6 = 10.0 0/36° 52^ ohms 
Zb = 9 -f 7 2 ^ 9.22 /12° 31 ^ ohms 
Zc = 12 + 7 0 = 12 . 00 / 0 ^ ohms 

Zi = 15 - 7 10 = 18.03\33° 42' ohms 
Z 2 = 16 -f 7 8 = 17.8 9/26° 34^ ohms 
Za = 20 + 7 0 = 20 . 00 / 0 ° ohms 
Za// - 10 ~ 7 3 = 10.44\l6° 42' ohms 
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17. Power in S-phase Systems. The total power in a 3-phase system, 
whether balanced or unbalanced, is expressed by the equation 

Pr = Pi + P 2 + P 3 (4-36) 

where Pt is the 3-phase power and Pi, P 2 , and Ps each represent the 
single-phase power in the respective phases. 

Under balanced conditions, Pi = P 2 = P 3 , and if each is represented by 
the symbol Pp, equation 4-36 may be written 

P,. = 3Pp (4-37) 

The power in each phase of the balanced system expressed in terms of 
pliase voltage, phase current, and phase angle is 

Pp = Epip cos 6 

and by substitution, 

Pt = ^Eplp cos 6 (4-38) 

For a balanced wye-connected load, Ep equals the line voltage El divided 
by Vs, and Ip equals the line current II- Rewriting equation 4-38 in 
terms of line values, we have 

Pr = S^IlCOSO 
V3 

Pt = V 3 ElI L COS 0 

For a balanced delta-connected load, Ep = El and Ip = IlI^- Sub¬ 
stituting these equivalent line values for phase values, equation 4-38 
becomes 

Pt = COS e 

Vs 

Pt = V 3 ElI L cos 6 

Hence, the equation for 3-phase power in a balanced system, whether wye 
or delta-connected, is 

Pt^Vz ElIl cos e (4-39) 

Example 4-8: A 3-phase balanced load draws 40 amp per terminal when 
connected to a 440-volt 3-phase system. The power factor of the load is 
80 per cent lagging. Determine the power drawn by the load. 

Solution. 

Pt = 1.732 X 440 X 40 X 0.8 = 30,483 watts. Am. 

Problem 4-17: The input power to a 3-phase induction motor is 76.2 kw. The 
voltage across the line terminals of the motor is 2250 volts and the current per 
terminal is 26.1 amp. Determine the power factor of the motor tmder these condi¬ 
tions. 
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Problem 4-18: A 3-phase, 25-cycle induction motor is rated at 30 horsepower 
(output) and 440 volts. At rated load its efficiency is given as 0.87 and its power 
factor is given as 0.92. Determine the rated current per terminal. 

Problem 4-19: The 6 leads from the phase groups of a 3-phase alternator are 
brought out so that the machine may be connected either wye or delta. The rated 
phase voltage is 6600 volts and the rated phase current is 379 amp. Determine the 
rated line voltage, the rated line current, and the rated kw at 80 per cent power 
factor when the alternator is connected (a) wye; (6) delta. 

18. Measurement of Power in 3-phase Systems. The power in a 
balanced or unbalanced 3-phase system may be measured with 3 single¬ 
phase wattmeters or with one 3-element polyphase wattmeter. Fig. 4-24 
shows 3 single-phase wattmeters connected to measure power in a 4-wire 



Fig. 4“24. Three Single-phase Wattmeters Connected to Measure Power in a 

4-wire, Wye System. 

wye circuit. Each wattmeter measures the power of one phase, and hence, 
the sum of their readings equals the total power in the circuit. This con¬ 
nection may also be used to measure power in a wye circuit when the 
neutral wire between the source and the load is omitted. 

Fig. 4-25 shows the connection of 3 single-phase wattmeters for measur¬ 
ing power in a delta circuit. Again, each wattmeter measures the power 
in one phase and the total power equals the sum of the values read by 
the 3 instruments. 

The connection illustrated in Fig. 4-24 shows one end of each watt¬ 
meter potential element connected to the neutral of the circuit. This 
connection can be made easily when a neutral wire is used between the 
source and the load. However, neutral wires are seldom brought out from 
3-phase, wye-connected equipment, and the connection of Fig. 4-24 is not 
practicable for circuits of this type. The connection shown in Fig. 4-25 
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requires that the current coil of each instrument be connected inside the 
delta connection of the load. In delta-connected equipment, the delta is 
usually formed close to the windings and line wires only are brought out. 
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Fig. 4-25. Three Single-phase Wattmeters Connected to Measure Power in a Delta 

System. 

Hence, the connection of Fig. 4-25 is not practicable for delta-connected 
equipment of this type. The power in 3-wire, 3-phase circuits, whether 
wye or delta-connected, may be measured by 3 single-phase wattmeters. 



Fig. 4-26. Three Single-phase Wattmeters Connected to Measure Power Drawn 
by a 3-wire, 3-phase Load. 

as shown in Fig. 4-26, and with this connection the difficulties mentioned 
above are eliminated. 

It is not essential that the potential elements of the 3 wattmeters in 
Fig. 4-26 have equal impedances. In fact, the potential element imped- 
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ance of one wattmeter can be short-circuited and the other two watt¬ 
meters will measure the total power of the circuit. This is equivalent to 
connecting the junction n in Fig. 4-26 to one of the line wires. If, for 
example, n is connected to c, wattmeter Wz will be of no further value in 
making the measurement, and hence, Wz can be removed. Fig. 4-27 



Fig. 4-27. Two Single-phase Wattnieters Connected to Measure Power Drawn by a 

3-wire, 3-phase Load. 

shows 2 single-phase wattmeters connected to read the power in a 3-phase, 
3-wire circuit. The 2-wattmeter method cannot be used in 3-phase, 4-wire 
circuits. Three wattmeters are required when 4 wires are used. In gen¬ 
eral, the minimum number of wattmeters required for measuring power 
in a polyphase system having u wires is n — 1. 



Fig. ^lr-28. Single-phase Wattmeter and y-lK)x Connected to Measure Power 
drawn by a Bahuiced 3-wire, 3-phase Load. 

Under balanced conditions a Y-box may be substituted for two watt¬ 
meters in Fig. 4-26. The 1-box (Fig. 4-28) consists of two equal imped¬ 
ances, each equal to the impedance of the wattmeter potential element 
with which it is used. The total power is 3 times the power indicated by 
the wattmeter. 

19. The 2-wattmeter Method. Assume the load of Fig. 4-29a to be 
a balanced delta-connected load in which the phase current lags the phase 
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voltage by an angle d. The voltage impressed on the potential element 
of Wi when traced from the ± marking is Eab, and the current in the 
current element of Wi when traced from the ± marking is /«/«. The 
wattage indicated by Wi is 

Pi = Eabh'a cos (the angle between Eab and la'a) 

From the vector diagram (Fig. 4-296) it is evident tliat the angle between 
Eab and equals (30 + 0) time-degrees. Also, Eat and are line 
values. Then, ^ 

Pi == ElIL cos (30 + B) (4-40) 



Fig. 4-29. Two Single-phase Wattmeters Connected to Measure Power Drawn 

by a Delta Load. 

The voltage impressed on the potential element of W 2 when traced 
from the ± marking is Ecb, and the current in the current element of W 2 
when traced from the ± marking of W 2 is h'c- The wattage indicated 
by W 2 is 

P 2 = Ecbic'c cos (the angle between Ecb and h^c) 

From the vector diagram, it is evident that the angle between Ecb and hfc 
equals (30 — 6) and 

P 2 = ElIl cos (30 — B) 

Expanding and simplifying equations 4-40 and 4-41, 

Pi = ElIl (cos 30 cos B — sin 30 sin B) 

= 0,866ElIl cos B — 0,5ElIl sin B 
P 2 = ElIl (cos 30 cos B + sin 30 sin B) 

= 0.866El/l cos B + O.SElIl sin B 
Pi + P2 = 1,132ElI L cos B = 'v/S ElI l cos B 


(4-41) 
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From equation 4-29 the total power, 

Pt = ElIl cos 6 

Hence, 

Pt = Pi + P2 

Attention is called to the importance of current -and voltage directions 
in the wattmeter elements. The ± terminal of the potential element of 
each wattmeter must be connected to the line wire in which the current 
coil of that particular wattmeter is inserted. 

When power in a balanced load is measured by the two-wattmeter 
method, the indications of the two instruments will not be the same except 
at uiii-ty power factor. At unity power factor the phase angle is zero degrees, 
and 

Pi = EJl cos (30° + 0 °) = 0M6ElIl 
P 2 = EJl cos (30° - 0°) = 0M6EJl 

Hence, Pi and P 2 each read one-half the total power. 

When the power factor is 50 per cent, the phase angle is 60°, and 

Pi = EJl cos (30° + 60°) = 0 

P 2 = EJl cos (30° 60°) = 0M6EJl 

Under this condition P 2 reads the total power in the circuit. 

When the power factor of the circuit is less than 50 per cent, the phase 
angle is greater than 60° and the angle (30 + B) is greater than 90°. Thus, 
cos (30 + 6) will be negative and the pointer of Wi will reverse. To obtain 
the total power in this case, the current element, of Wi should be reversed 
and the reading of Wi should be subtracted from that of W 2 . 

It can be shown by use of the calculus that the 2 wattmeters (Fig. 4-27) 
measure the total power in an unbalanced, as well as in a balanced, 3-wire, 
3-phase system. Example 4-9 verifies this proof for a specific case. 

Example 4-9: Show that power in the unbalanced delta-connected 
circuit of example 4-6 can be measured by the 2-wattmeter method. 

Solution. Phase sequence E,:b, Ear, E^a- The total power of the load is 
first determined by finding the power in each phase and summarizing. 
Then the power read by the 2 wattmeters, when connected as shown in 
Fig. 4-27, is determined and compared with the first calculation. All 
values of power are computed, using voltages and currents expressed in 
rectangular coordinates. That is, 

P = EJh 4“ Eylv 

P.6 - (220)(14.76) + (0)(10.33) = 3245 watts 

Pac = (- 110)(~ 13.02) + (- 190.5)(~ 11.53) = 3627 watts 

Pba = (- 110)(2.63) + (190.5) (21.84) = 3871 watts 

Pr ^ Pch 4" Pac 4" Pba ~ 10,743 watts 
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With the 2-wattmeter method, as shown in Fig. 4-27, the current in Wi = 
la^a and the potential applied to Wi = Eac* Then 

Pi = (~ 110)(- 15.65) + (- 190.5)(- 33.37) = 8073watts • 

The current in = Ih>b and the potential applied to W 2 == Etc Then 

P 2 = (- 220)(- 12.13) + (0)(11.55) = 2670 watts 
Pi + P 2 = 10,743 watts 

Hence, 

Pi + P. = Pt 

20. Determining Power Factor from the 2-wattmeter Method. 

Equation 4-40 divided by equation 4-41 gives, 

Pi _ ElIl cos (30 + 6) _ cos (30 + 0) 

P 2 ElIl cos (30 — B) cos (30 — 6) 

Expanding and cross multiplying, we have 

Pi cos 30 cos ^ + Pi sin 30 sin ^ = P 2 cos 30 cos 6 — P 2 sin 30 sin 6 

0.866 Pi cos 6 + 0.5 Pi sin 0 = 0.866 P 2 cos 6 — 0.5 P 2 sin $ 

Dividing by 0.5 cos 6 to simplify, we have 

I. 732 P 1 + Pi tan B = I. 732 P 2 - P 2 tan B 

The phase angle B may be determined by equation 4-12 wiien tlie 2-wati- 
meter method is iis(^d to measure power in a balanced 3-pliase system. 
Attention is called to the fact that P 2 in equation 4-42 represents the larger 
of the 2 wattmeter readings when the power factor is other than unity. 

Since the power factor equals the cosine of the phase angle, the power 
factor may also be det(‘rmined from the ratio of the 2 wattmeter readings. 



Ratio=£^JM=§ 

COS (30-0) ^ 

Fig. 4-30. Power Factor of a Balanced 3-phase Load from Ratio of W 1 /W 2 . 
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The graph (Fig. 4-30) shows the relationship between the power factor and 
the ratio of 

Example 4-10: Two wattmeters are connected to measure the power 
required by a balanced 3-phase load. Wi indicates 2400 watts and W 2 , 
8400 watts. Determine the power factor of the load. 


Solution. 


tang = 1.732f»^QQ -^ 
\8400 + 2400y 


d = 28“ 59' 


0.554 


cos d = 0.8746 


Ans, 


Problem 4-20: Prove that 2 wattmeters, when properly connected, read the 
power in a balanced wye load. Assume the load to have a lagging phase angle 0, 
and to be conncKited across a S-phasc, 3-wire system. A circuit and a vector diagram 
should accompany the proof. 

Problem 4-21: Show that power in the unbalanced load of problem 4-14 can 
be measured by the 2-wattmeter method. 

Problem 4-22: Show that power in the unbalanced load of problem 4-15 can 
be measured by the 2-wattmeter method. 

Problem 4-23: Wi indicates *“150 watts and W 2 + 840 watts when connected 
to measure the power required by a balanced 3-phasc load. Deti^rmine the power 
factor of the load and check results with the graph (Fig. 4-30). 

21. Voltage and Current Relations in Balanced 2-phase Systems. 
The two coils a'a and Vb of the alternator (Fig. 4-31) are so spaced on the 

surface of the armature as to cause 90 time- 
degrees displacement between their emfs. The 
2 single-phase emfs generated by this alternator 
form a 2-phase system. Fig. 4-32 shows the 
emf waves and vectors of a balanced 2-phase 
system. Wlien the 2 separate phases of the 
system are electrically insulated from one an¬ 
other, and power is transmitted over 4 wires, 
the 2-phase system is treated as 2 independent 
single-phase systems. 

A 3-wire, 2-phase system can be formed by 
connecting an end of coil a'a to an end of coil 
6'6. In the schematic diagram of a 2-phase alter¬ 
nator (Fig. 4-33), coil end a' is connected to coil end 6' and line connections 
are made at a, 6, and the junction a'6'. The wire connected to the junction 
of the 2 phases is known as the neutral wire and those connected to the other 
ends of the coils are usually referred to as line wires. The emf between 
the 2 line wires is the sum of the phase emfs combined subtractively at 
90 time-degrees. That is, 

Eba = Ebb^ + Ea»a 



Fig. 4-31. Elementary 
2-Phase Alternator. 
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Eba represents the emf between line wires, and Ebb' and Ea'a are each phase 
voltages. Substituting the symbol El for Eba^ and Ep for each Ew and 
Ea'at the magnitude of El in terms of Ep is 

El^ = + Ep^ == 

El^^Ep^ lAVEp (443) 

It is evident from Fig. 4-33 that in a balanced 3-wire, 2-phase system El 
leads or lags one of its component phase voltages by 45® and the other 
by 135®, depending on whether El is taken from 6 to a or from a to 6. 





Fig. 4-32. Balanced 2-phase Emf Waves and Vectors. 


A 2-phase load is connected to a 2-phase generator as shown in Fig. 4-34. 
Writing Kirchhoff’s current equation for the junction n, and solving for 
the current in the neutral wire, 

Inn' “ la'a "4" Ih'h 

When the load is balanced la'a and h'b are equal in magnitude and are dis¬ 
placed 90 time-degrees from one another. If the current in the neutral 



Fig. 4-33. Connection and Emf Vector Diagram for a 3-wire, 2-pha8e System. 

wire is represented by In and the current in each phase or line wire is repre¬ 
sented by Ip the magnitude of In in terms of Ip is 
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/„ = V V + V = 

h = 1.41/p (4-44) 

In a balanced 3-wire, 3-phase system In lags one of its phase current com¬ 
ponents and leads the other by 45 time-degrees. 

Example 4-11: The phase voltage at the terminals of the load in a 
balanced 3-wire, 2-phase system is 240 volts. Determine the magnitude 
of the voltage between line wires. 

Solution. 

El = 1.41 Fp = 1.41 X 240 = 338.4 volts Ans. 



(c) Vector DiagTam for an 
Unbalanced Load 

Fig. 4-34. Circuit and Vector Diagrams for a 3-wire, 2-phase System. 


22. Unbalanced 2-phase Systems. Unbalanced 2-phase systems are 
solved in a similar manner to that used for unbalanced 3-wire, 3-phase sys¬ 
tems. Assume the load of Fig. 4-34 to be unbalanced. Kirchhoff’s current 
equation at junction n yields 

I a'a + Ih'h "f” In'n 0 (4-45) 


Assuming one positive circuit direction for tracing to be n'a'ann', 

’ ^a'a^Q ” ““ /a'o^l /nn'^n “ 0 


(4-46) 
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And assuming a second positive circuit direction for tracing to be Vbnn\ 

Enfb^ — Ib^bZo — IbfbZh — Ib*bZ% — Inn»Zn == 0 (4-47) 

Substituting the value of Inn* from equation 4-45 into equations 4-46 and 
4-47 and grouping terms, we have 

En'a* — la'aiZo + Zi, Zi Zn) — Ib'bZn = 0 (4-48) 

En'b' — Ib'biZQ ZL Z 2 Zn) — la'aZn = 0 (4-49) 

To simplify equations 4-48 and 4-49, set 

Za = Zq + Zl "h ”1" Zn 
Zb = Zq Z L ■¥ Z 2 Zn 


Substituting the symbols Za and Zb into equations 4-48 and 4-49 and solving 
simultaneously for /«/«, 

En^gt Ig'aZa 
Zn 


h'b = 


Ib^b = 


En*b* Ig'aZn 


By comparison. 


Enfgf _ Ia^gZa En*b* tg'aZn 

Zn Zb 

I = EnfgfZb' — En'h'Zn 

ZgZb - ^ 


It can be shown in a similar manner that 


T _ En'b'Zg — EnfgfZn 
ZgZb - Zn^ 


(4-50) 


(4-51) 


After /fl/a and h^b have been determined by equations 4-50 and 4-51, Inn* 
can be determined by substituting in equation 4-45. 

23. Unbalanced 2-phase Systems — Fixed Voltages Assumed at 
the Load Terminals. When the generator, line wire, and neutral wire 
impedances in an unbalanced 3-wire, 2-phase system are small enough in 
comparison to the load impedances to be neglected, the voltage at the 
terminals of the load may be considered as fixed and the computation of 
currents in terms of voltages and impedances is greatly simplified. Example 
4-12 illustrates the method of solving unbalanced 3-wire, 2-ph6ise systems 
when the phase voltages at the load terminals are assumed to be fixed. 

Example 4-12: In the unbalanced 3-wire, 2-phase circuit (Fig. 4-35), 
^1 = 9 + y 2 ohms, and Z 2 = 8 + j 5 ohms. Egn = 0+7 440 volts, and 
Ebn = 440 + y 0 volts. Determine the currents in the line and neutral 
wires. 
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Solution. See Fig. 4-35. 


f ss ^an _ 0 +7 440 

Zi 9+j2 


= 10.4 + i 46.6 = 57.8/77“ 28' 

Ans. 

_ Ebn _ 440 + y 0 


Z 2 8 + y 5 


= 39.6 - 724.8 = 46.8\32®'amp 

Ans. 

“ tan *1" tbn 


= 50.0 + i 21.8 = 54.6/23“ 34' amp 

Ans. 



hn 


Fig. 4-35. Diagrams for Example 4-12. 

Problem 4-24: The phase current in a balanced, 3-wire, 2-phase system has a 
magnitude of 415 amp, and the phase voltage at the load terminals has a mag¬ 
nitude of 220 volts. Determine: (a) the magnitude of the current, in the neutral 
wire; (6) the magnitude of the voltage between line wires. 

Problem 4-25; Given the following values for the circuit of Fig. 4-34, determine: 
(a) the current in each line wire and the neutral wire; (6) the phase voltages across 
the terminals of the load; (c) the line impedance voltages; (d) the neutral impedance 
voltage; (e) the generator impedance voltages. Draw a vector diagram to scale 
showing the currents and voltages computed in parts (a) to (e) inclusive. 

En'a' = 46 0/90° = 0 -f y 460 volts 
En^b' = 460/0° = 460 -h j 0 volts 
Zo = 0.2 -h J 0.6 ohms 
Zj, = 1.0 + J 0.8 ohms 
Z„ = 0.6 -f J 0.5 ohms 
Zi = 20 + j 10 ohms 
Z2 = 15 4- j 15 ohms 

Problem 4-26: An impedance Zi = 1.2 + j 0.4 ohms is connected across one 
of the phase voltages of a 2-pha8e system Ean = 0 + y 220 volts. A second imped¬ 
ance, Z 2 = 0.9 + j 0.5 ohms, is connected across the second phase voltage of the 
system Etn = 220 + y 0 volts. Determine the currents in the line and neutral 
wires. 
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24. Quarter-Phase Systems. If the centers of the generator or trans¬ 
former phase windings of a 2-phase system are interconnected as shown in 
Fig. 4-36, the system formed is called a quarter-phase (i-phase) system. 
Four line wires are required for balanced quarter-phase systems, and, in 



Fig. 4r-36. Connection and Vector Diagrams of Emfs of a Quarter-Phase Alternator* 

addition, a neutral wire should be used if the system is subjected to un¬ 
balanced conditions. The quarter-phase system is seldom used because of 
the number of transmission wires required and because a system of this 
type is easily unbalanced. 

25. Power in 2-Phase and Quarter-Phase Systems. In a 2-phase 
system, whether 3-wire or 4-wire, the total power equals the sum of the 
power in the two phases. 

Py = Pi + P 2 (4-52) 

Two-phase power can be measured with 2 single-phase wattmeters or witii 
one 2-element wattmeter. Fig. 4-37 shows the connection for measuring 
power in a 3-wire, 2-phase system with 2 single-phase wattmeters. 



Fig. 4-37. Two Single-Phase Wattmeters Connected to Measure Power Drawn by 

a 3-Wire, 2-Phasc Load. 

The total power in a quarter-phase system equals the sum of the power 
in the 4 phases. Three single-phase wattmeters are used to measure power 
in the 4-wire, quarter-phase system shown in Fig. 4-38. When a neutral or 
fifth wire is used with the quarter-phase system, 4 single-phase wattmeters, 
one for each phase, are required. 
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26. Six-phase Systems. Six emfs of equal magnitude displaeed from 
one another so that an angle of 60 time-degrees exists between each 2 con¬ 
secutive phase emfs form a 6-phase system. A 6-phase emf may be gener¬ 
ated directly by a 6-phase alternator, but in practice 6-phase systems are 
usually obtained by transformation from 3-phase systems. Synchronous 
converters and rectifiers are frequently operated 6-phase from 3-phase 
systems by connecting the converter or rectifier to the 3-phase system 



Fig. 4-38. Three Single-Phase Wattmeters Connected to Measure Power Drawn 
by a 4-Wire, Quarter-Phase Load. 

through transformers. Since the application of 6-phase is practically limited 
to converters and rectifiers, further discussion of this system will be omitted 
here. 

27. Volt-amperes, Watts, and Vars in Polyphase Systems. The 
method of solving single-phase circuit problems involving volt-amperes, 
watts, and vars as discussed in article 14, Chapter III, is also applicable to 
balanced polyphase circuits. Equation 3-45 holds for balanced polyphase 
circuits as well as for single-phase circuits. 

The total kva, kw, and kvar for unbalanced polyphase systems have little 
value, since a definite ratio between single-phase and polyphase quantities 
does not exist under unbalanced conditions. Hence, when unbalanced 
polyphase circuits involving kva, kw, and kvar are to be solved, they 
should be considered as a group of single-phase systems and each single¬ 
phase system should be treated independently of the other. In unbalanced 
polyphase systems there are likely to be as many different phase angles as 
there are phases in the system, and since power factor is the cosine of the 
phase angle, each phase of an unbalanced polyphase system may have a 
different power factor. For this reason the terms phase angle and power 
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factor, when used in reference to polyphase systems, have no meaning 
when the system is unbalanced. 

Example 4-13: A 3-wire, 3-phase transmission line supplies the following 
balanced, 3-phase loads: 275 kw 


at 80 per cent lagging power 
factor; 350 kw at 90 per cent 
lagging power factor; and 125 kw 
at 90 per cent leading power 
factor. Determine: (a) the total 
kw; (b) the total kva; (c) the 
total kvar; (d) the power factor 
of the combined loads. 



Solution. See Fig. 4-39. 

(a) Pr = + ^2 + Pz 

= 275 + 350 + 125 = 750 kw An^. 


(b) Kvai\^ 


Vcos“^ 0.8 


= 344\36^ 52' = 275 - j 206.4 kva 
Kva2\02 = = \cos-i 0.9 

= 389\25° 50' = 350 - j 169.5 kva 
Kvas/^ = /cos-> 0.9 

= 13 9/25° 50' = 125 + y 60.7 kva 
Kvar\^ = 275 - j 206.4 + 350 - j 169.5 + 125 + J 60.7 

= 750 - j 315.2 = 814\22° 47' kva Ans. 

(c) The total kilovolt-amperes-reactive equals the total kva times the 
sine of the phase angle for the entire circuit. This is the second term of the 
complex expression for kva^. Hence, 

Kvarr = 315.2 kvar Ans. 

(d) PF>r = cos 6t = cos 22® 47' = 0,92 lag Ans. 


Problem 4-27: A 3-conductor cable is carrying a balanced 3-phase load of 
840 kva at a 60 per cent lagging power factor. It is desired to connect a second 
load of 600 kva wliich will have a lagging power factor of 80 per cent. If a 300-kva 
synchronous condenser which operates at 10 per cent leading power factor is also 
connected to the cable (a) what will be the total kva supplied by the cable? (6) what 
will be the power factor of the combined load on the cable? 

Problem 4-28: A 3-phase feeder supplies the following balanced loads: lOO-kva 
induction motor load at 80 per cent lagging power factor; a 3-phase resistance 
oven load of 24 kw; a 10-kva, 3-phase static capacitor; and a 15-kva, 3-pha8e elec¬ 
tric furnace with a 50 per cent lagging power factor. Determine: (a) the total kva on 
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the feeder; (6) the power supplied by the feeder; (c) the power factor of the 
feeder. 


Questions 

4-1. What are the advantages of a polyphase system when compared to a single¬ 
phase system? 

4-2. Describe the difference between a balanced 2-phase system and a balanced 
3-phase system. 

4-3. Why are double-subscript notations used in denoting currents and voltages 
in polyphase systems? 

4-4. What is meant by phase sequence and why is it necessary to state the 
phase sequence in solving unbalanced polyphase circuit problems? 

4-5. How does a wye-connected, 3-phase system differ from a delta-connected, 

3- phase system? 

4-6. What relationship in respect to magnitude and angular position does the line 
voltage of a balanced wye-connected system have to its component phase voltages? 

4-7. Give the relationship between the line and phase currents in a balanced 
wye-connected system. 

4-8. What relationship in respect to magnitude and angular position does 
the line current in a balanced delta-connected system have to its component phase 
currents? 

4-9. Give the rclationsliip between the current in t he line wires and the current 
in the neutral wire for an unbalanced, 4-wire, wye-connected system. 

4-10. What pr(K*edurc is recommended in determining currents in an unbalanced, 

4- wire wye-connected system, the emfs and impedances being known? 

4-11. What procedure is recommended in determining currents in an unbalanced 
delta-connected system, the emfs and impedances being known? 

4-12. Under what conditions can fixed voltages be assumed at the terminals 
of polyphase loads without too great an error in the solution? 

4-13. State the minimum number of single-phase wattmeters required for 
measurement of power: (a) in a 3-wire, 3-phase system; (b) in a 4-wire, 3-phase 
system; (r) in a 3-wire, 2-phase system; (d) in a 5-wire quarter-phase system. 

4-14. When the 2-wattmeter method is used to measure power in a 3-phase 
system under what condition: (a) do the 2 wattmeters give the same readings; 
(6) does one wattmeter read twice as much as the other; (c) does one wattmeter 
reverse? 

4-15. What relationship in respect to magnitude and angular position does the 
voltage between line wires of a balanced, 3-wire, 2-phase system have to its com¬ 
ponent phase voltages? 

4-16. What relationship in respect to magnitude and angular position does 
the current in the neutral wire of a balanced, 3-wire, 2-phase system have to the 
currents in the line wires? 

4-17. The primary windings of 3 single-phase transformers are connected to a 
3-phase system. The voltage across each transformer secondary is 230 volts and 
the secondary coils are l)eing connected delta. Two of the junctions have been 
made, but a voltage check for zero voltage before closing the delta shows 460 volts 
instead of zero. What is wrong with the cx)nnection and how can it be corrected? 

4-18. A distribution panel is fed by 3 wires. How would you determine whether 
the system is: (a) 3-wire direct-current; (6) 3-wire single-phase; (c) 3-wire, 2-pha8e; 
(d) 3-wire, 3-phase? 
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4-29. A 100-hp (output), 3-phase, 220-volt induction motor operates at an 
efficiency of 88 per cent and a power factor of 92 pei* cent when fully loaded. What 
is the rated current per terminal when carrying full load? 

4-30. A 3-phase induction motor draws 7864 watts and the line voltage across 
its terminals is 220 volts. A line ammeter reads 24 amperes, (a) What is the power 
factor of the motor? (6) If the total power is read by 2 wattmeters, what is the 
reading of each instrument? 

4-31. Both ends of the phase coils of a 5000-kva synchronous condenser are 
brought out to provide for wye or delta connection. The stator winding is designed 
for a phase voltage of 6600 volts. The 5000-kva rating is an input rating. Deter¬ 
mine: (a) the line voltage and line current rating when the windings arc wye- 
connected; (6) when delta-connected. 

4-32. A 3-phase, 4-wire feeder supplies energy to a 300-kva, 85 per cent power 
factor, balanced wye-connected load. It is desired to add a single-phase load of 
125 kva at unity power factor which is to be connected from line a to neutral. 
Assuming the line voltage at the 
terminal of the load to be fixed at 
4000 volts, detemiine: (a) the voltage 
across the additional single-phase 
load; (6) the current in each line wire 
and the neutral wire after the single¬ 
phase load has beem added. 

4-33. Sixteen resistor units, each 
having a rating of 7.6 kw at 220 volts, 
are connected to a 3-wire, 3-phase 
source, as illustrated in Fig. 4-40. De¬ 
termine the current in each line wire . i. 11 

when the voltage between line wires 4-40. Circuit for Problem 4--33. 

is assumed to be fixed at 220 volts. 

4-34. A 3-phase, 4-wire system supplies power to: a 40-kva load at 80 per cent 
lagging power factor wliich is connected from line a to neutral; a 36-kva load at 
90 per cent leading power factor which is connected from line h to neutral; and a 
50-kva load at 90 per cent lagging power factor which is connected from line c to 
neutral. The phase voltage of the system is assumed to be fixed at 318 volts. 
Determine: (a) the current in each line wire and the neutral; (6) the total power 
taken by the load. 

4-35. Three impedances each equal to 6.4 + y 3.8 ohms are connected to form 
a della load. When the line voltage at the terminals of the load is assumed to Ik* 
fixed at 2300 volts, determine: (a) the phase current; (h) the line current; (c) the 
wattage required by the load. 

4-36. A test reading taken on a 100-hp, 3-phasc induction motor shows 440 volts 
between line wires, 110 amp, and 77 kw input. The wattage input is measured 
by the 2-wattmeter method. Determine the wattage indicated by each instrument. 

4-37. Two wattmeters used to read the power taken by a balanced 3-phase 
load indicate 628 and 482 watts respectively. What is the power factor of the load? 

4-38. A 3-wire, 2-pha8e system supplier a 160-kva, 80 per cent lagging power 
factor load which is connected from line a to neutral; and a 90-kva, 90 per cent 
leading power factor load wliich is connected from line b to neutral. A unity power 
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factor load of 70 kw is connected from line a to line b with no neutral connection. 
The phase voltage is assumed to be fixed at 2200 volts. Determine the current in 
each line wire and the neutral wire of the system. 

4-39. The power taken by a 2-phase load is read by 2 wattmeters. Each instru¬ 
ment reads 728 watts. What is the power taken by the load.?^ 

4-40. What kva 3-phase static capacitor load is necessary to correct 150 kva of 
induction motor load from 75 per cent lagging power factor to 90 per cent lagging 
power factor? 

4-41. A 3-phase, 3-wire system supplies 1500 kva at a 72 per cent lagging power 
factor and a 100-kva, 3-phase unity power factor load. If a 200-kva synchronous 
motor load at 80 per cent leading power factor is added, what will be: (a) the total 
kva; (6) the system power factor; (c) the total kw? 

Laboratoky Experiments 
Experiment 4-1 

Purpose. To measure currents, voltages, and power in balanced and unbalanced 
3-phase, wye-connected systems. 

Procedure. 1. Connect 3 resistances having about the same values to form 
a wye load across a 4-wire, 3-pha8e source. Each resistance should be of ample 
rating so that it will not overheat with 150 per cent phase voltage applied to its 
terminals. If a 120/208-volt source is used, three 120-volt lampbanks, each with 
a slide-wire rheostat in series will make a very satisfactory wye load for this experi¬ 
ment. Insert an ammeter in each line wire and a fourth ammeter in the neutral 
wire. Connect 3 single-phase wattmeters to measure the power taken by the load, 
and connect voltmeters to measure line and phase voltages. Adjust the rheostats 
until the line ammeters read alike, i.e., balance the load. Under this condition 
the 3 wattmeters should also read alike and the ammeter in the neutral wire should 
read zero. Read the instruments and record data. 

2. Disconnect the neutral formed by the potential elements of the 3 wattmeters 
from the neutral of the system. Read the instruments and record data. 

3. With the wye load still balanced disconnect the neutral wire from the source. 
Read the instruments and record data. 

4. Reconnect the neutral wire between the source and load. Also, reconnect 
the neutral formed by the potential elements of the wattmeters to the neutral of 
the load. Unbalance the wye-connected load so that the current and wattage of 
each phase differs. Read the instruments and record data. 

5. Repeat part 2 with the unbalanced load of part 4. 

6. Repeat part 3 with the unbalanced load of part 4. 

7. Without disturbing the adjustment of the rheostats as set in part 6 inter¬ 
change 2 line wires at the load terminals. Read the instruments and record data. 
Reconnect the 2 line wires in their original positions. 

8. Disconnect the 3 single-phase wattmeters and connect 2 single-phase watt¬ 
meters with correct ratings to measure the power of the 3-wire, 3-phase system by 
the 2-wattmeter method. The potential elements of the 2 wattmeters will now be 
connected across line voltages, and, hence, they should have adequate voltage 
ratings. Make certain that the neutral wire to the source is disconnected and that 
the phase currents are identical with those obtained in part 6. Read the instru¬ 
ments and record data. 

9. With the wattmeters connected to read power by the 2-wattmeter method. 
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adjust the rheostats to give the same balanced phase current readings as obtained 
in part 3. Read the instruments and record data. 

Report. 1. Submit a complete report in which ^he experimental data obtained 
during this experiment are used to substantiate the following; (a) in a balanced 
wye-connected system the line voltage equals VS times the phase voltage in magni¬ 
tude; (b) the current in the neutral of a wye system is the vector sum of the currents 
in the line; (c) the currents, voltages, and wattage in a balanced wye system is not 
changed by disconnecting the neutral wire; (d) the currents, phase voltages, and 
wattage vary when the neutral wire is disconnected if the wye load is unbalanced; 
(e) changing the phase sequence of the line voltages in an unbalanced wye circuit 
gives a different set of values; (/) the wattage of a 3-wire, wye system, whether 
balanced or unbalanced, can be read by the 2-wattmeter method. 

2. Submit a vector diagram drawn to a convenient scale with the data of part 4 
which shows that the current in the neutral wire equals the vector sum of the line 
currents. 


Expewment 4-2 

Purpose. To measure currents, voltages, and power in balanced and unbalanced 
3-phase delta-connected systems. 

Procedure. 1. Connect 3 resistances having about the same values to form a 
delta load across a 3-phasc source. Each resistance should have ample rating so 
that it will not overheat when rated line voltage is applied to its terminals. If a 
208- or 220-volt, 3-phase source is used, three 240-volt lampbanks, each with a 
slide-wire rheostat in series, will make a very satisfactory delta load for this experi¬ 
ment. Connect an ammeter and a single-phase wattmeter in each phase and connect 
ammeters in the line wires. Also, connect a voltmeter to measure the line voltage. 
Adjust the rheostats until the three ammeters in the phases read alike, i.e., balance 
the load. Read the instruments and record data. 

2. Unbalance the delta system so as to obtain a different load in each phase. 
Read the instruments and record data. 

3. Interchange 2-line wires at the load terminals to reverse the phase sequence 
without changing the circuit in any other way. Read the instruments and record 
data. Reconnect the line wires in their original position. 

4. Disconnect and remove the 3 wattmeters and connect 2 single-phase watt¬ 
meters to measure the power of the unbalanced delta load of part 2 by the 2-watt¬ 
meter method. The wattmeters used for the 2-wattmeter method must have current 
elements with ratings of at least the highest value of line current. Adjust the 
rheostats if necessary so that the phase ammeters read the same as in part 2. Read 
all instruments and record data. 

5. With the circuit connection of part 4, adjust the rheostats to give the same 
balanced phase current as used in part 1. Read the instruments and record data. 

Report. 1. Submit a complete report in which the experimental data obtained 
during this experiment are used to substantiate the following; (a) in a balanced 
delta-connected system the magnitude of the line current equals Vs times the 
magnitude of the phase current; (b) in an unbalanced delta-connected system each 
line current equals the vector sum of its two component phase currents; (c) chang¬ 
ing the phase sequence of the line voltages gives a different set of values when 
the delta circuit is unbalanced; (d) power in either a balanced or unbalanced 
delta-connected system can be measured by the 2-wattmeter method. 
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2 . Draw a vector diagram to a convenient scale showing the voltages and currents 
in the unbalanced delta-connected system of part 2 and part 3. 

Experiment 4-3 

Purpose. To compute power factor of a balanced 3-phase load from the ratio 
of the 2 wattmeter readings when power is measured by the 2-wattmeter method, 
and to check the values of power factor obtained with computations from E, /, 
and W, 

Procedure. Connect 2 wattmeters to read the f)owcr input to a 3-phase induc¬ 
tion motor. Insert an ammeter in each line and connect a voltmeter to read line 
voltage. Take care to close the ammeter and wattmeter short-circuiting switches 
before starting the motor. Load the motor with a d-c generator and take readings 
of the instruments at several different loads. 

Report. 1. Submit a complete report. 

2. The data sheet should contain, in addition to the instrument readings, the 
power factor as calculated from readings of E, /, and kK, and the pow er factor as 
calculated from the readings of W{ and ITo. 

Experiment 4-4 

Purpose. To measui'c currents, voltages, and jK)wcr in a 3-wire, 2-phase system. 

Procedure. 1. Connect 2 resistances having about the same values to form 
a 2-phase load across a 2-phase soiu^ce. The 2-phase source may be obtained from 
a 3-phase source by transformation. Connections of the transformers will l)e made 
by the laboratory instructor or iincl(T the close supervision of the instructor. If 
the 2-phase voltage dot^s not exceed 240 volts from line to neutral a 240-volt lamp- 
bank in series with a slide-wire rheostat will make a satisfac^tory load for each 
phase. Connect wattmeters to read the f)ower of each phase, ammeters to read 
the current in each line wire and the neutral wire, and voltmeters to read phase 
voltage and voltage across the line wires. Adjust the rheostats until the load is 
balanced. Read the instruments and record data. 

2. Unbalance the load. Read the instruments and record data. 

3. Reduce the resistance of one phase and connect a reactor in series to give a 
lagging power factor. Reduce the resistance of the second phase and connect a 
capacitor in series to give a leading power factor. Adjust the rheostats to give 
values which will be indicated accurately by the instruments without exceeding 
their ratings. Read the instruments and record data. 

4. Without disturbing the neutral connection or the load, interchange the line 
wire comiections. Read the instruments and record data. 

Report. 1. Submit a compleUi report in which the experimental data obtained 
during the experiment are used to substantiate the following: (a) in a balanced 
2-phase system the magnitudi; of the voltage between line wires equals V2 times 
the magnitude of the phase voltage; (b) in a balanced 2-phasc system the mag¬ 
nitude of the current in the neutral wire ecpials V2 times the magnitude of the phase 
current; (c) in an unbalanced 2-phas(^ system the current in the neutral wire equals 
the vector sum of the phase currents; (d) changing the phase sequence of an un¬ 
balanced 2-phase system changes the neutral current. 

2. Draw vector diagrams to a convenient scale for the voltages and currents 
in each part of the experiment. 
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LABORATORY REPORT WRITING 


General. It is not the intent of this article to discuss in detail the various methods 
of writing engineering reports, but rather to suggest a form of report writing that 
lias proved quite satisfactory for the laboratory experiments referred to in this text. 
If the report is typed, it should be double spaced on one side only of 8^ X 11-inch 
unruled paper. The headings for the divisions of the report should be emphasized 
by underlines. If the report is written longhand, it should be in ink on one side only 
of standard ruled notebook paper which is slightly smaller than the X 11-inch 
unruled paper. When written longhand, the headings for the major divisions of the 
report should be neatly lettered. The cover or title sheet for the report should 
contain: the experiment number, the title of the experiment, the date, the name of 
the tester and writer, and the names of those who assisted with the test. Orderly 
arrangement and neatness are essential characteristics of a good report. The foDow- 
ing outline for report writing is suggested. 

EXPERIMENT NO. 00 

Title. 

Purpose. Insert a statement of purpose or objectives of the experiment. ITiis may 
be copied from the instruction sheet. 

Apparatus. List the principal apparatus used in performing the experiment and 
give the ranges and numbers of all instruments. If a specific piece of equipment 
having an attached nameplate is tested, the nameplate data should be included in 
the report. 

Wiring Diagram. The circuit diagram should be placed on a separate sheet of 
8^ X 11-inch unruled paper. It should be drawn with instruments, should contain 
a title, date, and signature, and should be inked with India ink. Correct symbols 
with necessary identifications should be lettered or typed on the diagram. When 
two or more test connections of a different nature are used in performing the experi¬ 
ment, a separate wiring diagram for each connection should be included. 

Theory. A Statement of the theory pertaining to the experiment and a discussion 
in the student’s own words showing the relationship between the theory and the 
experiment should be inserted in the report under this heading. 

Description. When the experiment consists of a test on a specific piece of equip¬ 
ment, the principles on which the equipment functions often may be given by de¬ 
scribing the equipment. In such cases Description may be substituted for Theory. 
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Procedure. This should consist of a brief story of the metliod used in performing 
the experiment. If the procedure suggested by the laboratory instruction outline is 
followed exactly as given, the procedure may be taken from the instructions. 

Sample Calculation. When calculated data are entered on the data sheet a 
sample of each type of computation should be entered under this heading. 

Data. All data, read and calculated, should be arranged in rows and columns. 
Usually, one of the variables, called the independent variable, is controlled by the 
tester. The other variables, called dependent variables, are not controlk^d by the 
tester, but are permitted to vary in accordance with the change of the independent 
variable. The values of the variables should be arranged to form the columns of the 
data sheet with the values of the independent variable arranged consecutively in 
the first column to the left. All data, read and computed, for each specific value of 
the independent variable should be arranged to form a row. Then, the number of 
rows should equal the number of readings. The heading at the top of each column 
should contain: the name or symbol of the variable represented by the cohirnn; 
the number and range of the instrument used to read the values in the column 
(omitted when data in the column is computed); and the multiplying constant when 
a constant other than unity is to be applied to the values in the colmnn. 

Curves. A curve or graph is the means of visually expressing the relationship be¬ 
tween two variables. It is customary to plot the independent variable as abscissa 
and the dependent variable as ordinate. Suggestions for plotting graphs are given 
in Appendix B. 

Discussion of Results. This section of the report should consist of a summary 
of the results obtained from the test, written in the student’s own words. When the 
results of the test check closely with the underlying theory of the experiment, this 
fact should he mentioned. When the results fail to check with the theory the stu¬ 
dent should seek an explanation and state it in this section of the report. Instruc¬ 
tions intended to aid the student in writing this section of the report are i)laced at 
the end of the laboratory instruction sheets. The heading Conclusions is sometimes 
used in place of Discussion of Results, 
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INSTRUCTIONS FOR PLOTTING GRAPHS 


1. Use standard 8^ X 11-inch cross-section paper with 20 divisions per inch. 

2. Determine the range of each variable, i.e., the difference between its highest 
and lowest value. Select scales for these ranges which will be easy to plot and read. 
Decide whether the graph will fit best on the sheet with the 8|^-inch or the 11-inch 
side horizontal. In either case, an allowance should be made for a 1-inch margin on 
the ruled section of the sheet at the bottom and left side of the sheet. 

3. Having once decided which side of the sheet to place horizontally, draw the 
horizontal axis for the graph 1-inch above the bottom grid of the ruled section and 
the vertical axis 1-inch to the right of the left grid. 

4. Start the lower end of the scales at or near the intersection of the axes and 
letter or type the values of the major divisions of the scales along the axes. Also, 
letter or tyixi the title of each variable and the unit in which it is measured along 
the axis for that variable. 

5. Plot the points and draw small circles around them. Draw a smooth curve 
through as many jjoints as possible. Frequently, a smooth curve cannot be drawn 
through all of the points. Those points wliich do not lie on the curve should not be 
removed from the graph as they indicate the inaccuracy of the test. 

6. Usually, when two or more curves having the same independent variable are 
to be drawn, they are placed on the same sheet of cross-section paper. In cases of 
this type, different scales may have to be used for the different dependent variables, 
and the margin between the vertical axis and the left grid may have to be increased. 

7. A title, experiment number, and date should be lettered or typed on each curve 
sheet. When the sheet contains more than one curve, each curve should be labeled 
for identification. In addition, the draftsman should affix liis signature to the curve 
sheet. 

8. Curve sheets should be inked with India ink. 
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NATURAL TRIGONOMETRIC FUNCTIONS 
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Natural Sines and Cosines 
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Natural Sines and Cosines 


/ 

15" 

16" 

17" 

( 18*^ 

II 19® 

S 


IN.sinel N. cos. 

|N.sine 

N. cos. 

{N.sine 

N. cos. 






*nr 

1.25882 

.96593 

1 27564 

.96126 

1.29237 

.95630 

.30902 

.95106 

732557 


r&r 

1 

910 

585 

592 

118 

265 

622 

929 

097 

584 

542 

59 

2 

938 

578 

620 

no 

293 

613 

957 

088 

612 

533 

58 

3 

966 

570 

64S 

102 

321 

605 

985 

079 

639 

523 

57 

4 

994 

562 

676 

094 

348 

596 

.31012 

070 

667 

514 

56 

5 

.26022 

555 

704 

086 

376 

588 

040 

061 

694 

504 

55 

6 

050 

547 

731 

078 

404 

579 

068 

052 

722 

495 

54 

7 

079 

540 

759 

070 

432 

571 

095 

043 

749 

485 

53 

8 

107 

532 

787 

062 

460 

562 

123 

033 

777 

476 

52 

9 

135 

524 

815 

054 

487 

554 

151 

024 

804 

466 

51 

10 

.26163 

.96517 

.27843 

.96046 

.29515 

.95545 

.31178 

.95015 

.32832 

.94457 

50 

11 

191 

509 

871 

037 

543 

536 

206 

006 

859 

447 

49 

12 

219 

502 

899 

029 

571 

528 

233 

.94997 

887 

438 

48 

13 

247 

494 

927 

021 

599 

519 

261 

988 

914 

428 

47 

14 

275 

486 

955 

013 

626 

511 

289 

979 

942 

418 

46 

15 

303 

479 

983 

005 

654 

502 

316 

970 

969 

409 

45 

16 

331 

471 

.28011 

.95997 

682 

493 

344 

961 

997 

399 

44 

17 

359 

463 

039 

989 

710 

485 

372 

952 

.33024 

390 

43 

18 

387 

456 

067 

981 

737 

470 

399 

943 

051 

380 

42 

19 

415 

448 

095 

972 

765 

467 

427 

933 

079 

370 

41 

20 

.26443 

.96440 

.28123 

.95964 

.29793 

.95459 

.31454 

.94924 

.33106 

.94361 

40 

21 

471 

433 

150 

956 

821 

450 

482 

915 

134 

351 

39 

22 

500 

425 

178 

948 

849 

441 

510 

906 

161 

342 

38 

23 

528 

417 

206 

940 

876 

433 

537 

897 

189 

332 

37 

24 

556 

410 

234 

931 

904 

424 

565 

888 

216 

322 

36 

25 

584 

402 

262 

923 

932 

415 

593 

878 

244 

313 

35 

26 

612 

394 

290 

915 

960 

407 

620 

869 

271 

303 

34 

27 

640 

386 

318 

907 

987 

398 

648 

860 

298 

293 

33 

28 

668 

379 

346 

898 

.30015 

389 

675 

851 

326 

284 

32 

29 

696 

371 

374 

890 

043 

380 

703 

842 

353 

274 

31 

30 

.26724 

.96363 

.28402 

.95882 

.30071 

.95372 

.31730 

.94832 

.33381 

.94264 

30 

31 

752 

355 

429 

874 

098 

363 

758 

823 

408 

254 

29 

32 

780 

347 

457 

865 

126 

354 

786 

814 

436 

245 

28 

33 

808 

340 

485 

857 

154 

345 

813 

805 

463 

235 

27 

34 

836 

332 

513 

849 

182 

337 

841 

795 

490 

225 

26 

35 

864 

324 

541 

841 

209 

328 

868 

786 

518 

215 

25 

36 

892 

316 

569 

832 

237 

319 

896 

777 

545 

206 

24 

37 

920 

308 

597 

824 

265 

310 

923 

768 

573 

196 

23 

38 

948 

301 

625 

816 

292 

301 

951 

758 

600 

186 

22 

39 

976 

293 

652 

807 

320 

293 

979 

749 

627 

176 

21 

40 

.27004 

.96285 

.28680 

.95799 

.30348 

.95284 

.32006 

.94740 

.33655 

.94167 

20 

41 

032 

277 

708 

791 

376 

275 

034 

730 

682 

157 1 

19 

42 

060 

269 

736 

782 

403 

266 

061 

721 

710 

147 

18 

43 

088 

261 

764 

774 

431 

257 

089 

712 

737 

137 

17 

44 

116 

253 

792 

766 

459 

248 

116 

702 

764 

127 

16 

45 

144 

246 

820 

757 

486 

240 

144 

693 

792 

118 

15 

46 

172 

238 

847 

749 

514 

231 

171 

684 

819 

108 

14 

47 

200 

230 

875 

740 

542 

222 

199 

674 

846 

098 

13 

48 

1 228 

222 

903 

732 

570 

213 

227 

665 

874 

0cS8 

12 

49 

256 

214 

931 

724 

597 

204 

254 

656 

901 

078 

11 

50 

.27284 

.96206 

.28959 

.95715 

.30625 

.95195 

.32282 

.94646 

.33929 

.94068 

10 

51 

312 

198 

987 

707 

653 

186 

309 

637 

956 

058 

9 

52 

I 340 

190 

.29015 

698 

680 

177 

337 

627 

983 

049 

8 

53 

' 368 

182 

042 

690 

708 

168 

364 

618 

.34011 

039 

7 

54 

396 

174 

070 

681 

736 

159 

392 

609 

038 

029 

6 

55 

424 

166 

098 

673 

763 

150 

419 

599 

065 

019 

5 

56 

1 452 

158 

126 

664 

791 

142 

447 

590 

093 

009 

4 ' 

57 

480 

150 

154 

656 

819 

133 

474 

580 

120 

.93999 

3 ; 

58 

508 

142 

182 

647 

846 

124 

502 

571 ^ 

147 

989 

2 ‘ 

59 

536 

134 

209 

639 

874 

115 

i 529 

561 

175 

979 

1 I 

60 

.27564 

.96126 

.29237 

.95630 

.30902 

.95106 

1.32557 

.94552 

1 34202 

. 9.-;969 

1 0 

1 iN.cos.l 

N. sine 

N.cos. 

N. sinell 








7 

4° 

73” 1 

1 

tp i w 1 

" ^— —-—-—— 

hd 









Natural Taogeats and Cotangents 



00'C o ^ Cn 00 vO O 4^ C/i Ov 00 vO O 
































































22® B 23® (I 2 


N.sinel N. cos.{|N.sme| N. cos.||N.sme 


406741.91355 










































































































Natural Tangents and Cotangents 















































































Natural Sines and Cosines 
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164 39 
150 38 
136 37 
121 36 
107 35 
093 34 

079 33 
064 32 
050 31 
.87036 30 
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007 28 
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978 26 
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820 15 
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Natural Sines and Cosines 





















































































































Natural Tangents and Cotangents 
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APPENDIX D 


SQUARES OF NUMBERS 



Table I. Squares of Numbers 




















































































Table I. Squares of Numbers 












































































































ANSWERS 


Chapter I 


1-1. (a) 25 ops 
(6) 0.01 sec 
(c) 0.000111 sec 
1/9000 sec 
1-2. (a) 1/2/ sec 
(6) 1/360/sec 
1-3. 1 time-degn'es 
1-4. 270 time-degrees 
1-5. 50 cps 
1-6. 500 rpm 
1-7. 48 poles 
1-8. 40 cps 

1-9. 1050 rpm minimum 
2100 rpm maximum 
1-10. (a) 99 volts 
(b) — 99 volts 
1-11. 50.8 amp 
1-12. (a) 50 volts 
(b) 50 volts 
(r) 0 volt 
id) — 50 volts 

(e) — 50 volts 

1-13. (a) 377 radians per sec 
(b) 0.786 radian 

(f) 106.1 

1-14. (a) 50 cps 

(b) 0.0025 sec 
1-19. 151.5 volts 
1-20. 28.2 amp 
1-22. 28.28 amp 
1-23. 162.6 volts 
1-24. 10 ohms impedance 
5 ohms resistance 
1-25. 157 ohms impedance 
40.8 ohms resistance 
1-27. 56.5 volts 


1-28. (a) 0.079.> henry 

(h) 4.51 X 10^ flux linkages 
(f) 10’ maxwells 
1-29. (a) 0.127 henry 

(b) 1.08 X 10*^ flux linkages 
1-30. 1.8 amp 
1-31. 6.85 amp 
1-32. 1.1568 amp 

1-33. 0.01358 coulomb at 25 cps 
0.01358 coulomb at 60 cps 
1-34. 95.5 volts 
1-35. 18.8 mfd 
1-36. 127.6 ohms 
20.8 mfd 

1-37. (a) 66.2 ohms 
(b) 6.61 amp 
(r) 659 volts 
1-41. (a) 0.728 lag 
(6) 43M8' 

1-42. 982 va 
1-43. 100 volts 
1-4 i. 0.00219 sec 
1-45. 0.00061 sec 
1-46. Ill amp 
1-47. 0.025 sec 
1-48. lOHps 
1-49. 0.458 space-degree 
1-50. 45 space-degrees 
1-52. 6.96 ohms 
1-53. 165.2 volts 
1-54. (a) 234 ohms 

(b) 0.939 amp 

(c) 0 watt 

1-55. (a) 0.0012 henry 
(6) 0.452 ohm 


167 





168 


ANSWERS 


1-56. (a) 57.2 ohms 
(6) 46.3 mfd 

(c) 0 watt 

(d) 0.8 amp 

1-57. 37.6 ohms at 30 cps 

50.2 ohms at 40 cps 
62.7 ohms at 50 cps 

1-58. 176.3 ohms at 30 cps 

132.2 ohms at 40 cps 
105.8 ohms at 50 cps 


1-59. (a) 208 amp 
(6) 50 kw 

(c) 45 kw 

(d) 30 kw 

1-60. 0.199 lag 
1-61. (a) 1150 watts 

(b) 690 watts 

(c) 345 watts 

(d) 118 per cent 


2-2. 100 volts 
36° 52' lead 
2-4. 20.25 amp 
30° 44' lag 
2-5. (a) 86.6 volts 
(6) 50 volts 
2-6. (a) 100 volts 
173.2 volts 
2-7. (a) 84.5 volts 

(b) 89.3 per cent lag 
2-8. 3.26 amp 

2-9. (a) 2 2/224° 

22Xi^ 

(6) 128\31'‘ 58' 

(c) 1 4/75° 42' 

id) 3.24\116°27' 
a-lO. (a) 0.064 /134° 

(6) 2.8 4/218° 16' 

2.84\141° 44' 

(c) 12. 4/45° 28' 

(d) 68.4 /328° 26' 
68.4\31° 34' 

2-11. (o) 24 - j 11 

(b) - 18+/32 

(c) 86.6+/50 
2-12. (a) - 33 +/54 

(5) -66+j 18 
(c) 16-/9 

2-13. (a) 14.9 - J 10.13 

(6) 4.24+/1.905 
(c) - 1150 - /1995 

2-14. (a) 64.8 /195° 4' 
64.8\l64° 56' 


Chapter II 

(5) 0.00285\33° 42' 

(c) 191.2 /154° 

2-15. 46.2 /209° 52' 

46.2\l50° 8' 

2-16. 192 /138° 39' 

2-17. 19.6 8/246° 48' 
19.68\ll3° 12' 

2-18. 274.3\l7° 4' 

2-19. 16.3\27° 14' amp 
2-20. 82.2\44° 21' volts 
a.21. 15. 4/18° 30' amp 
2-22. (o) 35 /180° 

(6) 403n^ 

(c) 88 0/204° 

880\l56^ 

2-23. (a) 82 + / 39 

(6) - 33 +/58 
(c) - 344 +/92 

2-24. (a) 27.5\l^ 

(h) 22 /46° 

2-25. (a) 1.4 + / 2.8 
(6) 3.25 + /4.6 

2-26. 89.5\22° ohms 
83 ohms 

33.5 ohms capacitive 

2-27. (a) 0.0806\48° 

(6) 0.14 7/34° 20' 

(c) 0.051 3/132° 85^ 

2-28. (a) 0.118 - / 0.0294 

(6) - 0.0216 + / 0.0297 
(c) - 0.07 - / 0.1082 
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ANSWERS 


Z-29. 0.165 8/31° 9' amp 

S*30. (a) 3 6/50° 

(6) 32^a5F 
(c) 4.5/27° 

2-31. (a) 6 4/90° 

(fc) 81 \ 60 ^ 

(c) 5.2\W 


2-32. (a) 

1264/163° 

(6) 

- 12.2 - j 1.95 

(c) 

- 195171 

2-33. (a) 

32/20° 

W 

53.8/216° 42' 


53.8\143° 18' 

(c) 

5.46\64° 12' 


3-1. (o) 52. 8/40° 45' ohms 

(6) 2.272\40° 45' amp 
with E on axis of reals 
3-2. (a) 36. 2/44° ohms 

(5) 6.08\44° amp 

with E on axis of reals 

3-3. 215. 8/90° volts 

with I on axis of reals 

3-4. (a) 11.5 ohms 

(6) 3 0/23° 34^ ohms 

3-5. 66. 4/49° 26^ ohms 

3-6. 4.15 /70° 5^ amp 

with E on axis of reals 

3-7, (a) 72\^ volts 

with / on axis of reals 
(6) 47.8 mfd 
(c) 222\36° 52' ohms 

3-8. 82.6\40° 58^ ohms 
3-9. 54.2 mfd 

3-10. (a) 5.52\51° 14^ amp 

with E on axis of reals 
(6) 138/0^, 415/90°, 

244\W volts 
with I on axis of reals 

3-11. 78\35° 52' volts 

with I on axis of reals 

3-12. 2.8 3/10° 48^ amp 

with E on axis of reals 
3-13. (a) 53.8 cps 
3-14. (a) 53.8 cps 
3-15. 1 6/3° 30' amp 

with E on axis of reals 


Chapter III 



3-16. 

(a) 

27.5\3° 30' ohms 


(b) 

27.44 ohms 


(c) 

1.68 ohms capacitive 

3-17. 

(a) 

0.0258\8° 42' mho 


(6) 

38.8/8° 42' ohms 


(c) 

38.4 ohms 


id) 

5.9 ohms inductive 

3-18. 

(a) 

0.153/26° 36' mho 


ib) 

6.54\26° 36' ohms 


ic) 

5.85 ohms 


id) 

2.93 ohms capacitive 

3-19. 

id) 

53.8 cps 

3-23. 

2320 watts 

3-24. 

(a) 

418 watts 


ib) 

0.867 lag 

3-25. 

508 

watts 

3-26. 

id) 

475 watts 


ib) 

0.702 lag 

3-27. 

(a) 

137.2 watts 


ib) 

0.377 lag 

3-28. 

id) 

692 watts 



769 watts 


ib) 

1461 watts 


ie) 

0.938 lag 

3-29. 

(a) 

0.723 lag 



43° 42' lag 


ib) 

52.3/43° 42' ohms 


ic) 

38.1 ohms 


id) 

18.1 ohms 


ie) 

36.4 ohms inductive 


if) 

0.116 henry 


(ff) 

0.45 lag 



63° 15' 



ANSWERS 


3-30. (a) 2 4/78** ohms 

(b) 23.5 ohms 

(c) 500 watts 

3-31. (a) 12,200 volts 

(b) 0.631 lag 

(c) 86.1 per cent 

3-32. 5.45 ohms 

3-33. (a) 150 kva 

(b) 120 kw 

(c) 75 kw 

3-34. 124 mfd 

3-35. (a) 19.7 kva 

(b) 0.864 lag 

(c) 17 kw 

3-36. (a) 183 kva 

(b) 175 kw 

(c) 0.957 lag 

3-37. 70\56° 58' ohms 
3-38. 53.2 /29° 35^ ohms 

3-39. 0.707 lag 

3-40. (a) 0.0357 mfd 
(6) 543/0° ohms 

3-41. 408 mfd 


3-42. 


3-43. 

3-44. 

3-45. 

3-46. 

3-47. 


3-48. 

3-49. 

3-50. 

3-51. 


3-52. 

3-53. 


(a) 169\56° 30'ohms 

(b) 93.2 ohms 

(c) 22.5 mfd 

1.26 ohms resistance 
2.18 ohms reactance 
11 ohms 
0.2 millihenry 
2.69 X 10® cps 

(a) 4.18 

witli E on axis of reals 
(h) 24.2 ohms resistance 
10.38 olrnis reactance 

(а) 0.334 lag 

(б) 12.2 ohms resistance 
34.6 ohms reactance 

159,000 cps 
3.91 ohms 
97 mfd 

(a) 7053 volts 

(b) 0.79 lag 

(c) 94.8 per cent 

74.5\34° 40' ohms 

(а) 85.2/0° ohms 

(б) 0.0587/0^ amp 

(c) 0.1015 watt 

(d) 0.0372 watt 


Chapter IV 


4-1. 2395 volts 
4-3. 83.8 amp 
4-4. (a) 4160 volts 
416 amp 
(6) 2400 volts 
722 amp 
4-5. (a) 208 volts 

625 amp 

(b) 120 volts 

1082 amp 

4-6. 44.6\51“ 32' amp 
4-7. 16.35\l35° 4' amp 
4-8. (a) la’. = 55.8 — j 15.5 amp 
= 58.\15^ amp 
Ub =— 65.1 — j 63.9 amp 
= 91.2\135° 36' amp 


fe’c = 9.3 + J 79.4 amp 
= 79.9 /83° 20' amp 

(b) Van = 4050 + J 315.5 volts 

= 4060 /4° 28' volts 
Vbn=- 4770 - J 2690 volts 
= 5472\150° 36' volts 
Van =- 3510 + J 5350 volts 
= 639 2/123° 20' volts 

(c) Vab = 8820 + J 3006 volts 

= 932 0/18° 53' volts 
Vba =— 1260 — J 8040 volts 

= 8148\98° 51' volts 
Vaa=- 7560 + J 5034 volts 
= 9083 /146° 22' volts 

(d) la’aZo = 265 + j 450 volts 

= 522 /59° 28' volts 
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/mZo = 403 — j 715 volts 
= 82l\60'36' volts 
/o<«Zo = — 669 + i 266 volts 
= 72 0/158° 20' volts 
(e) /.-.Zi = 842.4 4-/217.3 volts 
= 87 0/14° 28' volts 
/yiZi = - 368 - /1318 volts 
= 1368\105° 36' volts 
I^cZl = -474.5 +j 1100 volts 
= 119 8/113° 20' volts 

4-9. (a) /«„. = - 14.1 - j 99 amp 
= 100\98° 6' amp 
(6) Ia*a 110. 5 — j 91 amp 

= 143.1\39° 28' amp 
Ii/h = — 68.2 — j 145.5 amp 
= 160.7\il5^ 6' amp 
Ic,c = — 56.6 + j 138 amp 
= 149.2 /112° 18^ amp 

(c) Van = 100.8 '+7 9.75 volts 

« 101. 2/5° 32^ volte 
Vfcn = — 69.2 - j 74.2 volte 
= 101.5\133° 32' volte 
Vcn--- 45.3 + j 110.2 volte 
= 119. 4/112° 18^ volte 

(d) Ia>aZG == 7.7 3/28° 44^ volte 

= 8.67\46^'5^ volte 
UcZg = 806 /180° 30^ volte 

(c) Inn>Zn = 12.65\79° 40'volts 
la^aZL = 10.3\^^ volts 
hhZL = 11.6\81° 21' volte 
hcZL = 10.7 8/146° y volte 

4-10. 6.67 + y 5 ohms 

4-11. Zi = 3.59 + j 1.07 ohms 
Z 2 = 2,54 + j 2.4 ohms 
Zz = 4.17 +y 0.47 ohms 

4-12. 4.5 — j 36 ohms 

4-13. Za = 143.4 + J 75.1 ohms 
Zb = 133.3 — j 21.6 ohms 
Zc = 129 -y77.6 

4-14. I^a = 178.74 - j 128.16 amp 
« 220\35° 41' amp 
/yb = - 12.74 + j 177.36 amp 
« 178/94° 6' amp 


Itfe « — 166 — j 49.2 amp 
* 173.1\163° 30' amp 

4-15. lafa — 85.4 + j 73 amp 
= 85. 7/175° 6' amp 
/yb = 44.38 — j 92.7 cunp 
= 102.8\64°25' amp 
/yc = 41.02 + j 85.4 amp 
= 96.7 /63° 49' amp 

4-16. /o'o = — 92.63 + j 90.05 amp 
= 129. 2/135°48 ' amp 
/yb = 85.11 + j 27.78 amp 
= 89.5 3/18° 6' amp 
/yc = 7.52 — j 117.83 amp 
= 118.1\86° 21' amp 

4-17. 0.75 lag 

4-18. 36.7 amp 

4-19. (a) 11,430 volte 
379 amp 
6,000 kw 
(6) 6,600 volte 

656 amp 
6,000 kw 

4-21. Three-wattmeter method 
Pi = 42,240 watte 
P 2 = 61,600 watte 
Pz = 39,600 watte 
Pt = 143,440 watte 
Two-wattmeter method 
Pi = 88,200 watte 
P 2 = 55,200 watte 
Py = 143,400 watte 

4-22. Three-wattmeter method 
Pi = 99,600 watte 
P 2 = 104,300 watte 
Pz = 101,900 watte 
Pt = 305,800 watte 
Two-wattmeter method 
Pi = 187,880 watte 
P 2 — 117,720 watte 
Pt = 305,600 watte 

4-23. 0.3733 

4-24. (a) 587 amp 
(6) 311 volts 

4-25. (a) Ia»a = 8.36 + j 16.6 amp 
= 18.6/63° 16' amp 
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Ivb “ 13.3 - j 14.2 amp 
= 19.46X460 54' amp 
Im> = 21.66 + j 2.4 amp 
= 21. 8/6° 19' amp 
(6) Von = 1.2 +j 415.6 volts 
= 415. 6/89° 50' volts 
Vtn = 412.5 - J 13.5 volts 
= 412.7XPl3^ volts 

(c) la'^L = — 4.92 +7 23.3 volts 

= 23. 8/101° 55' volts 
h'tZL = 24.66 — j 3.56 volts 
= 24.9\8° 12' volts 

(d) /„„-Z„ = 11.82 +7 12.27volts 

= 17.03 /46° 1' volts 
(c) Ia*aZo “ — 8.29 "1“ 8.3 volts 
= 11. 7/135° volts 
hniZa = 11.18 + j 5.14 volts 
= 12.3 /24° 45' volts 

4-26. Ian = 55 -f j 165 amp 

= 173.9/7 1° 34^ amp 
Ibn = 186.5 ■“ j 103.7 amp 
= 213.2\^°~3' amp 
Inn' = 241.5 + j 61.3 amp 
= 249. 2/14° 15^ amp 
4-27. (o) 1252 kva 
(6) 0.81 lag 
4-28. (a) 128.2 kva 
(6) 111.5 kw 
(c) 0.87 lag 
4-29. 242 amp 
4-30. (a) 0.86 lag 

(6) Pi = 2590 watts 
Pz = 5274 watts 
4-31. (a) 252 amp 

11,440 volts 
(6) 437 amp 
6600 volts 
4-32. (a) 2310 volts 

(6) h’a = 93.8\l4° 5' amp 
hn, = 43.3\151° 47' amp 
Ic-c = 43. 3/88° 13' amp 
Inn’ — 54.2/0° amp. 

(Obtained with lagging p.f. 
and Ean on axis of reals) 


4-33. h'a = 276W a™P 
Ib'h “ 47 8/150° amp 
Ic'c — 276/0^ amp 
(Obtained with E(^ on axis of 
reals) 

4-34. (a) Ian = 100.64 — j 75.48 amp 
= 125.8\36° 52' amp 
Ibn = — 8.25 — j 113.00 amp 
= 113.2\94° 10' amp 
/en =-11.45156.9 amp 
= 157.2 /94° 10^ amp 
Inn' ~ 80.94 — J 31.58 amp 
= 86.8\21° 19' amp 
(Obtained with Ean on axis of 
reals) 

(b) 109.4 kw. 

4-35. (fl) Ia> = 30 9\30° 42' amp 
lac = 309\150° 42' amp 
Iba = 30 9/89° 18^ amp 

(6) /«.„ = 535^°1? amp 
h'b = 535 /119° 18^ amp 

Ic'c — 535\0° 42' amp 
(Obtained with Ecb on axis of 
reals) 

(c) 1825 kw 

4-36. Pi = 28.8 kw 
P 2 = 48.2 kw 

4 . 37 . 0.975 

4-38. (With Ean on axis of reals) 
la'a = 74.1 — j 27.7 amp 
= 79.3\20° 30' amp 
Ib'b = 1.9 — j 52.6 amp 
= 52.7X87°'^ amp 
Inn' = 76.0 — 80.3 amp 
= 110\46° 34' amp 

4-39. 1456 watts 

4-40. 44.73 kva 

4-41. (a) 1710 kva 
(6) 0.843 lag 
(c) 1440 kw 




INDEX 


Addition of sine waves, 23 
of vectors, 37, 45 
Admittance, 69 

Alternating current (see current) 
average value, 9 
definition, 10 
effective value, 10 
production of, 2 
use of, 1 

Alternating voltage (see voltage) 
average value, 9 
effective value, 11 
production of, 2 
Alternation, 4 
Angular displacement, 15 
velocity, 6 
Argument, 40 
Axis of imaginaries, 43 
of reals, 43 
reference, 34 

Balanced delta, 101, 102 
2-phase, 126 
wye, 98, 101 

Capacitance, analogy of, 18 
effect, 20 

Capacitive reactance, 22 
Charging current, 21 
Circuit, capacitive only, 20 
inductive only, 15 
parallel, 66 
resistive only, 14 
resistive and capacitive, 99 
resistive and inductive, 56 
resistive, inductive, and capacitive, 62 
series, 56, 59, 62 
series-parallel, 87 

Combination 3-phase systems, 116 
Complex algebra, 42 
operator, 42 
plane, 43 
quantity, 41 
Conductance, 70 
Construction of a sine wave, 8 
Coordinates, polar, 40 
rectangular, 41 


Current (see Alternating current) 
components, 57 
in balanced delta, 102 
in balanced wye, 101 
in neutral of wye, 103 
in-phase, 57 
in 2-pha8e systems, 126 
quadrature, 57 
reactive, 57 
resistive, 57 

vector representation, 34 
Cycle, 4 

Degrees, electrical time, 4 
space, 4 

Delta, balanced, 101,102 
equivalent for wye, 112 
unbalanced, 113 
Displacement of vectors, 51 
Division of vectors, 48 
Double-subscript notation, 95 

Effective phase angle, 28 
resistance, 12 

value of ciu*rent and voltage, 10 
Electrical time-degrees, 4 
Equivalent delta for wye, 112 
impedance, 68 
reactance, 68 
resistance, 68 
wye for delta. 111 

Four-phase systems, 94, 131 
Four-wire wye systems, 98, 101, 103, 108 
Frequency, commercial, 6 
definition, 4 

relation to poles and rpm, 5 

Generation of alternating voltage, 2 
of ix)lyphase voltages, 94 
Graphical method for 

addition of sine waves, 23 
constructing a sine wave, 8 
determining average value, 9 
determining effetitive value, 10 
product of sine waves, 25 
subtraction of sine waves, 23 
vector sum and difference, 37 
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Harmonics, 28 
Horizontal component, 41 

Imaginaries, axis of, 43 
Impedance, 13 

series equivalent, 68 
Inductance in a-c circuits, 15 
average value of, 15 
Inductive reactcuice, 17 
In-phase current, 57 
sine waves, 15 
Instcmtaneous current, 7 
voltage, 7 

y, operator, 42 

Kilovars, 86 

Kilovolt-ampere diagrams, 85, 133 
Kilovolt-ampere reactive, 86 

Lagging current, 16 
power factor, 56 
Leading current, 21 
power factor, 59 
Line current, 101, 102 
voltage, 99 
wires. 126 

Measurement of 3-phase power, 120 
with 2-wattmeter method, 122 
Measurement for determining 
/?, XLi nnd L, 79 
Modulus, 40 

Multiplication of vectors, 47 

Neutral wire, current in, 103 
2-pha8e system, 126 
wye system, 98 
Noninductive resistance, 14 
Nonsinusoidal waves, 28 
Notation, double-subscript, 95 
n-phase system, 95 

Ohmic resistance, 12 
Operator, 42 

Parallel circuits, 66 
resonance, 73, 74 
Parallelogram of vectors, 37 
Period, 4 

Phase angle, 15, 132 
sequence, 96 
voltage, 99 
Polar coordinates, 40 
vectors, 40 


Polygon of vectors, 37 
Polyphase systems, 93 
voltages, 94 

Power, single-phase, 25, 76 
4-phase, 131 
3-phase, 119 
2-phase, 131 
Power factor, 13, 27 
correction, 84 
from ratio Wi/Wt^ 125 
Power waves, 25, 26, 27 
Powers of vectors, 51 
Product of sine waves, 25 
of vectors, 47 

Quadrature current, 57 
Quarter-phase system, 131 

Reactance, 62 
capacitive, 22 
equivalent, 68 
inductive, 17 
Reactive current, 57 
volt-amperes, 86, 132 
Reals, axis of, 43 
Reciprocals of vectors, 49 
Rectangular coordinates, 41 
vectors, 41 
Reference axis, 34 
Resistance, effective, 12 
series equivalent, 68 
Resistive current, 57 
Resonance, parallel, 73, 74 
series, 64 

Root mean square, 11 
Roots of vectors, 51 

Self-induction, voltage of, 15, 17 
Sequence, phase, 96 
Series circuit, 56, 59, 62 
voltage drop in, 80 
Series equivalent impedance, 68 
reactance, 68 
resistance, 68 
Series-parallel circuits, 87 
Series resonance, 64 
Sine waves, 6 
addition of, 23 
average height, 9 
construction, 8 
product of, 25 
subtraction of, 23 
Single-phase systems, 55 
Six-phase systems, 132 
Skin effect, 13 
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Space degrees, 4 

Standard commercial frequencies, 6 
Susceptance, 69 

Time angle, 7 
Time-degrees, 4 
Three-phase voltage, 94 
combination, 116 
delta, 101,102,113 
wye. 98,101,103,105,108 
Three-wattmeter method, 120 
Two-phase system, 94,126 
Two-wattmeter method, 122,128,129 

Unbalanced delta systems, 113 
2-pha8e systems, 128,129 
wye systems, 103,105,108 

Vars, 86,132 
Vector addition, 37, 45 
definition, 33 
diagrams, 36 
difference, 37 
displacement, 51 
division, 48 


polar, 40 
powers of, 51 
product^ 47 
reciprocals of, 49 
rectangular, 41 
roots of, 51 

Voltage drop in series circuits, 80 

Voltage of self-induction, 15,17 

Volt-amperes, 12 

Volt-ampere reactive, 86,132 

Wattmeter connections, 

4- phaae, 132 
3-phase 4-wire, 120 
3-phase 3-wire, 121,122 
2-phase, 131 

Waves (see sine waves) 
non-sinusoidal, 28 

5- phase, 95 
2-phase, 127 

Wave trap, 73 

Wye, balanced, 98,101 
equivalent for delta, 111 
unbalanced, 103,105,108 

Y-box, 122 





